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Chapter 1 

Introduction and main results 



Given a set M and a map / from M to itself, recall the orbit of a point 
x e M is the set {x, f{x),p{x),...}. The data (M, /) is a discrete dynamical 
system, and the aim of the theory of dynamical systems is to understand the 
structure of the set of all orbits. The simplest kind of orbit is a periodic orbit 
, that is, the orbit of a point x for which there exists a positive integer n 
such that /"(x) = X. If x is a point contained in a periodic orbit then it is 
called a periodic point , and the least n such that /"(x) = x is defined to be 
its period. 

To obtain information about the structure of the set of orbits, we need to 
specify the data(M, /). In general, M has some structure and one considers 
maps preserving this structure. This specification can be done in several 
ways. For instance, M can be a topological space and / a continuous map, 
or M a differentiablc manifold and / a differentiable map, or M equipped 
with a (T-algebra structure and a measure and / preserves this measure or at 
least sets of measure zero. 

Periodic orbits have always been an object of special interest in dynamical 
systems. Not only because of their simplicity but because their existence 
often has strong consequences for the dynamics of the map. In this sense, it 
is sometimes said that the set of orbits is the skeleton of the set of all orbits. 
Thus, another interesting object is the set of periods of /, which is the subset 
of N consisting of the periods of all periodic points in M. This set is denoted 
by Per(/). 

It is interesting to deal with all the questions related to the periodic orbits 
in the field of topological dynamics, i.e., where M is a topological space and 
/ a continuous map. Here, it is often possible to obtain useful information 
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about the structure of the set of orbits. In particular, much is known about 
the set Per(/) when M has dimension one; see, for example, [2] and references 
therein. There are also many results for other spaces and classes of maps. 

One of the main problems of the theory of dynamical systems is the 
determination of the existence of periodic orbits and, more generally the 
structure of Per(/) We define the minimum period of f to be the maximum 
m, positive or infinite, such that the iterates f, f"^, . . . , f"^-^ are fixed point 
free. We denote this number by m(/). Observe that the minimum period of 
/ is the greatest lower bound of Per(/). If C is a class of maps, the minimum 
period of C is defined to be the maximum of the minimum periods of the 
mappings in C, and is denoted by m(C). 

Throughout this thesis we are going to deal with some aspects of the 
above problem in the case of two-dimensional surfaces. More precisely, we 
will study the case where M = E, a connected orientable compact sur- 
face (possibly with boundary) and the maps of E we will consider are the 
orientation-preserving and orientation-reversing homeomorphisms. The rea- 
son for studying homeomorphisms of S and not just continuous maps is that 
for each surface S of genus g at least one there exists a map /: S — y S with 
no periodic points, i.e., such that m(/) = oo. Indeed, there exist a simple 
closed curve 7 C S and a map g: S — > 7 which is the identity on 7. There 
exists a map /i: 7 — > 7 conjugate to an irrational rotation r:§^ — > so 
h has no periodic points. Clearly, we can view h o g as a self-map of S and 
since Per(/i o (^i) = 0, m{h o g) = 00. 

Before going on, let us introduce some notation: The class of all (resp. 
all orientation-preserving, resp. all orientation-reversing) homeomorphisms 
of Tig^b will be denoted by 7/9,6 (resp. "H^fe, 'Hg,b)- Analogously, the class of 
all (resp. all orientation-preserving, resp. all orientation-reversing) homeo- 
morphisms of Eg will be denoted by 'Hg (resp. 'Hg, Tig)- 

In the case of closed surfaces, the problem of determining the mini- 
mum period of the classes of orientation-preserving and orientation-reversing 
homeomorphisms is completely solved. The aim of this thesis is to study the 
minimum periods of homeomorphisms of surfaces with non-empty boundary, 
i.e., m(-H+J and m(?{-J. 

Let us return to the case of closed surfaces. Here, both bounds, m('H^) 
and m{"Hg) can be explicitly expressed as a function of the genus g. Their 
values are summarized in the following formulas. 



(1.1) 



(1.2) 



ni(H+) 




2g 



2g 



oo 



oo 



2 



2 



if^?>2. 



if (7 = 0, 
if (7>2. 



The first and well-known result in this field appeared in 1910. It is 
Brouwer's theorem that an orientation-preserving homeomorphism of the 
sphere always has a fixed point. With the notation we have introduced, this 
result can be expressed as m('H(]") = 1. 

It is a simple matter to check that m{'Hf) and m('H]~) are both infinite 
by exhibiting examples of orientation-preserving and orientation-reversing 
homeomorphisms of the torus Si with no periodic points. Indeed, view the 
torus El as §^ x and consider the homeomorphism {z,w) — )• (ze"*,w), 
where a is an irrational real number. It is clear that this homeomorphism 
preserves and does not have fixed points. Similarly, the orientation reversing 
homeomorphism {z,w) — {ze°'^,W) does not have periodic points. 

In [35j Nielsen showed that m(7{^) = 2g — 2 ii g > 3. He also showed that 
m{'Ht) ^ {2,3}. The proof of these results uses the fixed-point theory due 
to Alexander [T] and Lefschetz [22] and |3D] and some elementary algebra. 

Later, Wang [lO] showed that m('Hg ) = 2^1 - 2 if 51 > 3 and m.{'H2) = 4 
by using methods analogous to these of Nielsen. 

The problem about the determination of m('H^), raised by Nielsen in 
1942, remained open until 1996 when Dicks and Llibre gave an algebraic 
proof that 10^(^2 ) = 2, which completes |l.ll) . 

The only remaining case in ( II. 2p is m{"Ho)- Since the antipodal map 
is an orientation-reversing homeomorphism of Sq which is fixed point free, 
m('Ho ) > 2. The equality m('Ho ) = 2 can be deduced from a theorem of 
Fuller [l5j. This theorem states the existence of, and gives a bound for, 
the minimum periods of classes of homeomorphisms of compact ANRs. (See 
below for a definition of compact ANRs). In particular, it gives a general 
bound (and so the finiteness) for m{"Hg,b) except for two particular cases for 
which, as we shall see, the minimum period is 00. Before stating this result, 
we require some terminology. 



A subset y4 of a topological metric space X is called an compact absolute 
neighborhood retract (or, briefly, compact ANR) if it has the following prop- 
erty: If A is a subspace of a separable metric space Y and A is homemorphic 
to X, then A is a neighborhood retract of Y. 

If i^' is a compact ANR we denote by Hk{K; Q) the k-th rational homology 
group of K. For each k, the dimension of Hk{K,Q) is called the k-th Betti 
number of K and denoted by bk{K). The Euler characteristic of K is denoted 
by and is deflned to be ^(— a flnite sum. Now we are ready 

to state Fuller's theorem. We will do it in the slightly more general version 
given in [5l Theorem III.E.2]. 

Theorem 1.1 Let K be a compact ANR. If x{K) ^ and T: K — > K is a 

homeomorphism then 

m(T)<maxi {-iyb,{K)\ 
{j odd i even J 

In particular, surfaces are compact ANR's and their Betti numbers are 

r 1 if A; G {0,2}, 

bk{T.g) =1 2g if A; = 1, 

[ if A; > 3, 

and 

( 1 ifA; = 0, 

6fe(S,,5) = < 2(7 + 6-1 if A; = l, 
[ if A; > 2. 

Therefore, xiX'g) = 2 — 2(7 and x(X'g,b) = 2 — 2(7 — 6, so Fuller's theorem 
restricted to surfaces can be written in the following way: 

Theorem 1.2 (Fuller's Theorem for surfaces) 

(1) Ifg^l then m{ng) < max{2,2^}. 

(2) If (g, b) ^ (0, 2) then m{ng,b) < max{l, 2g + b - 1}. 

In particular, this result implies that m(7{^^) and m('H~5) are flnite when- 
ever {g,b) ^ (0,2). Also, m{'Ho ) < 2, which completes ([TSl) . 



A subclass of homeomorphisms whose minimum period is also known is 
the class of finite-order maps. A homeomorphism /: S — > S is said to be 
finite- order if there exists some positive integer n such that = Me- The 
class of all (resp. all orientation-preserving, resp. all orientation-reversing) 
finite-order maps of is denoted by J^g (resp. J^^, J^g)- Nielsen and 
Wang PU] determined the minimum period for and , respectively. 
These results, together with the simple cases where (7 G {0, 1} are summarized 
in the following formulas. 
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if^ = 0. 


00 


if^ = l, 


2 




^-1 


if^>3. 



m(jr ) = 



2 




= 


00 


if^? 


= 1 


4 


if^? 


= 2 


2g~2 




> 3 



1.1 Statement of the main results 

Now we discuss the object of our study, surfaces with non-empty boundary. 

It follows from Fuller's theorem 11.2( 2) that m(7/o,i) = 1 and m{'Hg,b) < 
2(7 + 6 — 1 when {g,b) ^ {(0, 1), (0, 2)}. However, as we will see, except 
for {g,b) G {(0, 1), (1, 1)}, the bounds given by that theorem are not the 
best possible. For example, the following gives a strictly smaller bound for 
^i'Hg,b) in most cases. 

Proposition A If 2g + b > 4 then m(jigM) <2g + b-2. 

We denote the class of all (resp. all orientation preserving, resp. all 
orientation reversing) finite-order maps of Sg^f, by J^g^b (resp. J^^^, J-'gh)- By 
exhibiting specific maps we will show that the bound given by Proposition 
A can be achieved if the pair {g, b) satisfies certain numerical conditions. 
Moreover, these maps are finite-order, so we have the following two theorems. 



Theorem B Letg>2. Thenm(j^f^) ^2g + b-2 if and only if he {2,3,4} 

or there exist positive integers pi,p2,P3 such that they are pairwise coprime, 
each of them divides 2g + b — 2 and pi + P2 + Ps = b. 

Theorem C Let g > 2. Then m(jg+ ) ^2g + b-2ifand only if be {2, 4} 
or one of the following conditions holds: 

(1) g is even and there exist positive integers pi,p2 such that each of them 
divides 2g + b — 2, g.c.d(pi, J92) = 2 and pi +p2 — b. 

(2) g is odd, b is even, and b divides 2g — 2. 

By Proposition A, and Theorem B, m('Hgh) = 2g + b — 2 ior certain pairs 
{g,b). Also, a g > 2 it can be proved that there exists a homeomorphism 
/ G "H^ 1 such that m(/) — 2g — 1 (and, clearly, / ^ 1). Hence, we have 
the following. 

Theorem D Let g > 2. Then ni('H^^) = 2g + b — 2 if one of the conditions 
holds. 

(1) There exist positive integers Pi,P2,P3 such that they are pairwise co- 
prime, each of them divides 2g -\-b — 2 and pi + P2 + Ps — b. 

(2) b-2 divides 2g. 

(3) 6-3 divides 2g + l. 

a) 6e {1,2,3,4,^ + 2,25 + 2,25 + 4}. 
Also, using Theorem C, we prove the following. 

Theorem E Let g>2. 

(1) Ifbis odd then m.{T-Lgi,) — ^ ^'^'^ equality holds if b <2g — 2. 

(2) m(7{g — 2g -\-b — 2 if one of the following conditions holds. 

(i)be{2A}. 

(a) g is odd, b is even and b divides 2g — 2. 

(Hi) g is even, and there exist positive integers pi,p2 such that each of 

them divides 2g + b — 2, g.c.d(pi,p2) — 2 and pi + p2 — b. 
(iv) g is even and 6 — 2 divides 2g 
(v) g is even and 6 — 4 divides 2g + 2 
(vi) g is even and 6 G {5 + 2, 2g( + 2, 25 + 6}. 
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Table 1.1: Values of m^'H^b) ^i'H2b)- 



We give values of the minimum periods for orientation-preserving (resp. 
orientation-reversing) homemorpliisms of Sq,;,, ^i,b, and ^2,6 in Theorem F 
(resp. Theorem G). Notice that in these cases, the bounds of Proposition A 
are achieved if an only if = and b > 3 (resp. g > 2), g = 1 and b > 2 
(resp. 6 > 1), or 5f > 2 and b satisfies one of the conditions listed in Theorem 
D (resp. Theorem E). 

Theorem F (1) 

( 1 tfb = l, 
Hn^b) = { oo ifb = 2, 
[6-2 ifb>3. 

(2) 

ml^i.J - I ^ ifb>2. 
(3) Table \l.i\ shows the values ofm{'Htb)- 
Theorem G (1) 



M'Ho,b) = 



1 


ifb = 


1, 


oo 


ifb = 


2, 


2 


ifb = 


3, 


b-2 




4. 



(2) m{'Hlb) = b-2. 

(3) Table \l.i\ shows the values of 10^(^2 b)- 



By Table [TTT| m(7^^^) < 10. We now explain roughly why this happens. 
(Precise arguments and definitions will be given later). Suppose that / is 
an orientation preserving homeomorphism of ^2,6. If some iterate of the 
map /: S2 — > S2 has a fixed point, of index different from one, then the 
same iterated of the original / has also a fixed point. On the other hand, 
it can be proved that for any k: S2 — > S2, there exists a positive integer n 
such that n < 10 and has a fixed point of index different from one. So, 
m('H^ft) < 10. That equality can be achieved whenever 6 > 18 is shown by 
means of examples. The situation is analogous for any genus larger than or 
equal to 2, as is stated in Theorem H. To prove this, besides the ideas of pS] . 
we also use the Thurston-Nielsen classification of surface homeomorphisms, 
and Nielsen fixed-point theory 

Theorem H If g >2 then m(7{~fc) < 4(7 + 2. Moreover, if b > 6g + 6, then 
equality holds. 

By Theorem H, the values of the minimum periods of orientation-preserving 
homeomorphisms of surfaces of genus at least 2 are bounded by a constant 
which does not depend on the number of boundary components. This situa- 
tion is analogous for the classes of orientation reversing homeomorphisms as 
is stated in the following. 

Theorem I Let g > 2. Then m('H~^) < % + (—1)^4 and equality holds if 
b>6g + 2 + {-iy8. 

Obviously, these theorems do not cover all possible cases. Indeed, if (7 > 3, 
the values of m{'H^f^) are not given if 6 < 6(7 + 6 and b does not satisfy the 
conditions of Theorem D. Similarly, the values of m('H~ft) are not given if 
g > 3, b < Ag + (—4)^, and b does not satisfy the conditions of Theorem E. 
the case g = 3 could be solved by completely analogous methods to teh used 
in Theorems F and G. However, when (? > 4 the quantity of variables makes 
the calculations too complicated. Also, it is not clear that m{'Hg h) expressed 
simple function of g and b. 

This thesis is organized as follows. In Chapters [2] and [3] we give a summary 
of fixed-point theory and of the Thurston-Nielsen classification of homeomor- 
phisms of surfaces, respectively. In Chapter H] we present a standard form for 
such homeomorphisms. In Chapter |5] we present some features about planar 
discontinuous groups, and in Chapter E] we apply these results about planar 
discontinuous groups to determine necessary and sufficient conditions for the 



existence of certain finite-order maps of closed surfaces. Chapter [7] and [H] are 
devoted to developing the technical machinery which we will use in Chapters 
9, 10 and 11 to prove our main results. 

These thesis has three main branches, which are interconnected. One 
has to do with the application of fixed-point theory described in Chapter 
121 All the upper bounds on the mimimum periods except the ones stated 
in Theorems H and I are consequences of this theory. To obtain the upper 
bounds of Theorems H and I we apply also the Thurston-Nielsen classification 
of homeomorphisms and some of its consequences, described in Chapters [3] 
and m This is the second branch. Finally, then third branch has to do with 
the theory of planar discontinuous groups presented in Chapter [5l which 
will provide us with the tools for constructing examples which will show the 
existence of lower bounds for minimum periods. 



Part I 
Preliminary results 
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Chapter 2 
Fixed-point theory 



Let X be a space and let /: X — )■ X be a self map. Fixed-point theory 
studies the nature of the set Fix(/) in relation to the space X and the map 
/. This study can be undertaken from different points of view. Since we 
are dealing with homeomorphisms of topological manifolds, we focus our 
attention on the topological setting. Topological fixed-point theory tries to 
answer concerning Fix(/), like what is the cardinal of this set, whether is it 
empty or not, or how does it change under homotopy. 

Our aim is to study the existence of fixed points of iterates of continuous 
maps. Consequently, fixed-point theory provides very useful tools which are 
described in this chapter. More precisely, in Section 12.11 we give the defini- 
tion of the Lefschetz number and state the Lefschetz Fixed-Point Theorem; 
Section [2^ is devoted to index theory; and, in Section 12. 3[ we describe some 
particular features of the Lefschetz number for homeomorphisms of surfaces. 



2.1 The Lefschetz Fixed- Point Theorem 

Early in the history of fixed-point theory it was discovered that, if X is a 
polyhedron (see [5] for a definition), and f:X — y X is a map with only a 
finite number of fixed points satisfying an additional technical requirement, it 
is possible to associate to each fixed point an integer, called the index which 
describes the way in which the map "winds around" the point. Furthermore, 
the sum of all indices was found to be equal to the Lefschetz number, which 
is defined for a continuous self-map / of a polyhedron X (or, more generally. 
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a compact ANR) as the finite sum 



(2.1) L(/) = 5^(-l)'=trace(/,fc), 

where trace(/*fc) denotes the trace of the map induced by the action of / 
on the fc-th rational homology group of X. 

For every homeomorphism /: X — > X, every natural number k and every 
integer m, {f*k)"^ = {f"^)*k (see [IDl III.3]), and we shall write to denote 
their common value. 

Remark 2.1 Observe that if f,g'.X — > X are two homotopic maps then 
for every natural number k, f^^ = g*k- Therefore L{f) = L{g). □ 

Perhaps the best known fixed-point theorem in topology is the Lefschetz 
Fixed-Point Theorem. 

Theorem 2.2 (Lefschetz (1923), Hopf (1929)) Let X be a compact ANR and 
let f:X — > X be a continuous map. If L{f) ^ then every map homotopic 
to f has a fixed point. 

The first announcement of this theorem (for a restricted class of polyhe- 
dra) was in 1923 [29] and the details appeared in [30] and [31]. The first 
proof of the Lefschetz Fixed-Point Theorem for all polyhedra was given by 
Hopf [23]. Also, a particular case of this theorem valid for s-to-1 maps of 
surfaces follows from a theorem proved by Alexander [1] in 1923. 

The Lefschetz number counts the fixed points "with multiplicity" . It is a 
homotopy invariant and is easily computable. As is the case in all the other 
literature about minimum periods, the Lefschetz Fixed-Point Theorem will 
be one of our main tools. 

2.2 Index theory 

The "multiplicity" of a fixed point (and, more generally, of a fixed-point set 
which is open in the whole set of fixed points of the map) is measured by the 
index. To study this index we shall develop some theory, following mainly 
VIL5]. 

Our first step will be to define the index of certain types of map, firstly for 
a map from an open set of the Euclidean space to M"; and subsequently 



replacing with any ENR, (see the definition below). In order to achieve the 
former goal, we need to define a homological object: the fundamental class 
around a compact set. Before doing this, we need to recall some notions from 
algebraic topology. 

Let X, Z be spaces, let Y (resp. W) be a subspace of X (resp. Z), and 
let /: (X, Y) — > {Z, W) be a map. The k-th integer homology group of the 
pair {X,Y) is denoted by Hk{X,Y;Z), and the map induced by /, from 
Hk{X,Y;Z) to HkiZ,W;Z), is denoted by Hk{f,Z). (Recall that the map 
induced by / on Hk{X, Q) is denoted by /*fc). 

Let n be a positive integer, let V be an open subset of MJ^, and let K be 
a compact subset of V. View §" as M" U {oo}. Consider the inclusions 

i:(§",0) (§",§" 

and 

j:iV,V\K)-^iS\E^\K). 
These maps induce homomorphisms 

Hn{i, Zy. i7„(§", 0; Z) ^ if„(§", \ K; Z) 

and 

HnU. n- Hniy, V\K;Z)^ if„(§", \K;Z). 

By the Excision Lemma (see |10i Corollary III. 7.4]), Hn{j,Z) is an isomor- 
phism. On the other hand, if„(§"', 0; Z) is isomorphic to Z, so we can fix one 
of its generators and denote it by o. We define the fundamental class around 
K, denoted by ok, as the element Hn{j, Z)'^Hn{i, Z){o) of HniV, V \ K] Z). 

Remark 2.1 ok is characterized by the property that its image under the 
map induced by the inclusion 

Hn{i, Z): Hn{V, V\K-Z)^ iJ„(\/, V \ {p}- Z) 

agrees with 0{p} for every p & K. Roughly speaking, it is an element of 
Hn{V, V \K;Z) which bounds K taking into account its orientation. □ 

Let V C M" be open and consider a map /: V — > such that the set 
of fixed points, Fix(/) is compact. Denote this set by K and let the map 



i- f:{V,V\K) ^ (M", M" \ {0}) 



be defined by {i — f){x) = x — f{x). Consider the homomorphism 



H^{t - /, Z): H^{V, V\K-Z)-^ /7„(M", M" \ {0}; Z), 
and define the index of f as the integer I(/) such that 

i/„(«-/,Z)K) = I(/).0|o}. 

(Recall that 0{o} generates if„(M"', \ {0}; Z)). This definition does not de- 
pend on the initial choice of the generator of if„(S", 0, Z) because (— o){x} = 
-{o{K}) and (-o){o} = -(o{o}). 

Now we extend our definition of index to more general spaces, namely, 
Euclidean neighborhood retracts. A topological space Y is said to be a Eu- 
clidean neighborhood retract (or, briefly, an ENR) if a neighborhood retract 
X C M" exists and is homeomorphic to Y. The following proposition will 
allow us to define the index for maps of ENR's (see [10, Proposition and 
Definition VII.5.10]). 

Proposition 2.2 IfY is a topological space and U is an open subset of Y 
which is also an ENR, then every map /: U — Y admits a decomposition 
f = (3a where a: U — )■ V, /3: V — > Y , and V is open in some Euclidean 
space W . 

With the notation of the above proposition, consider the restrictions 

I3\p-.(uy- p-\u) ^ u r\ 13{V) 

and 

a\ur,p(v)-Unl3{y) V. 

If Fix(/) is compact we define the index of f, denoted by !(/), as the index 
of 

a\un[S{v) 0/3 1/3-1 (c/):/3~^(f^) — > V. 

The index defined in this way is independent of the decomposition (see fiO\ 
Proposition and Definition VII.5.10]). 



Remark 2.3 Observe that for every ENR X, and every map /: X — y X, 
if Fix(/) = then Hk{V, V \ Fix(/); Z) is trivial for every natural number k. 
Hence, /(/) = 0. □ 



If K is an open compact subset of Fix(/) then we define the index of K 
with respect to f, denoted by lndf{K), as the index of f\w where W is an 
open subset of U such that K = Fix(/) fl W. This value is independent of 
the choice of W (see [TOl VII.5.11])). 

In particular, if x G X is an isolated fixed point then the set {x} is 
compact and open in Fix(/), so we can define its index, called the index of f 
at X and denoted by Ind/(a;). There is an alternative way of calculating the 
index of a map at an isolated fixed point. Before describing it, we need to 
define another important notion of algebraic topology, the degree of a map. 

Let M be an n-manifold and let U C M be an open set. A map 
f:U — > M is said to be proper if f~^{K) is compact for every compact 
set K C M. If the manifold M is connected and orientable, and /: U — > M 
is a proper map, we define the degree of f , denoted deg(/), as the integer 
which satisfies 

Hnif,Z){of^^K)) = deg(/).OK 

for some non-empty compact subset K of M. It can be shown that deg(/) 
is independent of the choice of K (see [lOl VIII.4]). 

Now, we can state the promised alternative definition of index of a fixed 
point. 

Remark 2.4 Let V be an open subset of such that Cl(D^) C V. Assume 
that /: V — > is a map such that the origin is the only fixed point of / in 
C1(D2). Define ipf.dB'^ — > dB^ by (pf{x) = -^zjQi- K is a simple exercise 
in algebraic topology to show that Ind/(x) equals the degree of ipf. □ 

There are other ways of defining the index of a fixed-point set although 
some of them require strong restrictions on the class of maps for which the 
definitions apply. In the general case, it is possible to give an axiomatic 
definition, (see |5]). 

In the following remark, we give a property of the degree of a map of the 
circle. 

Remark 2.5 If /: §^ — > §^ is a map then L{f ) = 1 — deg(/). In particular, 
if / is a homeomorphism, 

, J.. _ Jo if / preserves orientation, 
1^ 2 if / reverses orientation. 



□ 



The following is a direct consequence of ^Ul VII. 5. 13]. 

Lemma 2.6 If C G Fix(/) is finite and open in Fix(/) then Indj(C) is 
equal to the sum of the indices of the elements of C . 

As mentioned above, the index of / on the whole of X equals L{f), as is 
stated in the next theorem (see [TOl VII. 6. 13]). 

Theorem 2.7 If X is a compact ENR and f: X — X is a map then 
Furthermore, if Ui G X , i G {1,2, . . . , k} are open subsets such that X = 

k 

IJ Ui and for each pair i ^ j , f/j fl f/j fl Fix(/) = then 

i=l 

k 

L{f) = J2^{f\u.). 
1=1 

Consequently, if Fix(/) is finite then L{f) equals the sum of the indices of 
the fixed points. 

By Remark 12.31 the Lefschetz Fixed-Point Theorem 12.21 is a consequence 
of Theorem 12.71 Observe that the definition of I(/) uses integer homology 
groups whereas the definition of L{f) uses rational homology groups. 

For each homeomorphism /: S — > S, unless we specify the contrary, 
when we speak about the index of a fixed point of /' (or a pointwise fixed 
set), we mean the index with respect to 

In Fix(/) we define the following relation: Given x,y G Fix(/), we say 
that X and y are f -equivalent if there is a path a from x to y such that a and 
f o a are homotopic keeping the endpoints fixed. It is easy to see that the 
relation of /-equivalence is an equivalence relation. The equivalence classes 
are called fixed-point classes of f. It can be proved (see [5], [25]) that a 
fixed-point class is compact and open in Fix(/), so its index is defined. A 
fixed-point class is called essential if its index is different from 0. Essential 
fixed-point classes will be important for us because they survive (preserving 
their index) under isotopy, as is stated in the following theorem, which is a 
corollary of [5, Theorem VI. E. 3]. 



Theorem 2.8 Let i be an integer different from 0, let X be a compact poly- 
hedron, and let f: X — > X be a map. If f has a fixed-point class of index i 
and g: X — > X is homotopic to f , then g has a fixed-point class of index i. 

Another important property of fixed-point classes is given in the foUowing 
theorem (see, for instance, ^25( Theorem 1.4.3 and Theorem 1.4.4]). 

Theorem 2.9 The number of essential fixed-point classes is finite and the 
sum of the indices of all (essential) fixed-point classes of f equals L{f). 

We end this section by stating the foUowing proposition (see [10] Exercise 
VII.6.25.2]). 

Proposition 2.10 Let X,A be compact ENR's such that A <Z X, and let 

f: (X, A) — )■ (X, A) be a map. Then 

L{f) + l = L{f) + L{fU), 

where f:X/A — > X/A denotes the map induced by f on the quotient space 
X/A. 



2.3 Lefschetz numbers of maps of surfaces 

If /: S — > S is a homeomorphism, the Lefschetz number of /, L[f), takes a 
particular form. Here trace(/*o) = 1 and 

{1 if / preserves orientation and 9S = 0, 
— 1 if / reverses orientation and (9S = 0, 
if 9S ^ 0, 

so (|2.ip can be rewritten as 

{2 — trace(/*i) if / preserves orientation and (9S = 0, 
— trace(/*i) if / reverses orientation and = 0, 
l-trace(/,i) if 9S 0. 

Let Ai, A2, . . . , A„ be the eigenvalues of f^i. For each positive integer i, 
L(/*) = trace(/*Q) + trace(/*2) — Sj=i -^j- Therefore, the polynomials 

n 

Pi = Pi(Ai, A2, . . . , A„) = ^ A} 



play a key role in the computation of the numbers L{p). Indeed, by (|2.2p . 



{2 — Pi if /* is orientation-preserving and dT, = 0, 
—pi if /* is orientation reversing and 9S = 0, 
1-pi if5S7^0. 

Clearly, the sequence of pi's determines the sequence of L(/*)'s. For this 
reason, we will study in more detail some of its properties. Namely, we will 
study Newton's equations. 

Let be a positive integer and let M G GLfc(Z). Denote by Ai, A2, . . . , A^ 
the eigenvalues of M. If we write the characteristic polynomial of M as 

P{x) = det{xlk - M) = x'' + six''"^ + s^x^'"^ H h Sk-\X + s^, 

then, for each j G {1, 2, . . . , /c}, 

Sj = {-ly ^ Ail ■ ■ ■ Aj^ , and 

l<ji <---<jj <k 



(N.l) 
(N.2) 



Pi + si = 0, 

P2 + SlPl + 2S2 = 0, 



(N.k) pk + sipk^i + S2Pk~2 + . . . + ksk = 0, and 

(N.(k+1)) pk+i + sipk+i-i + S2Pk+i-2 + ■■■ + SkPi = for / > 1. 

See, for example, [381 Exercise 2, Section 29]. 

If /: S — y S is a homeomorphism then the characteristic polynomial of 
fjfi will be called the characteristic polynomial of f. 

Now, in order to study one of the properties of /^.i, we shall introduce 
more notation. For each positive integer g denote by Jg the element 



of GL2g{'L). We say that M G GL2g{'L) is proper symplectic (resp. im- 
proper symplectic) if M^JgM = Jg (resp. M^JgM = —Jg)- A matrix M is 
symplectic if it is either proper symplectic or improper symplectic. 

A property of proper simplectic matrices is stated in the following; see 

Proposition 2.1 If M & GL2g{'L) is proper symplectic then det(M) = 1. 

The next result is a consequence of [151 Theorem 3.6.7]. 

Proposition 2.2 With respect to a certain basis, for every f G (resp. 
Tig), the matrix o/ /*i is proper symplectic (resp. improper symplectic). 



Chapter 3 



The Thurston-Nielsen 
classification 



The goal of this chapter is to give a brief introduction to the Thurston- 
Nielsen classification of isotopy classes of surface homeomorphisms. This is, 
undoubtedly, the most important tool in the topological theory of surface 
dynamics. It can be viewed as a prime decomposition theorem: it gives the 
existence in each isotopy class of a homeomorphism that is constructed by 
gluing together homeomorphisms of two types, pseudo-Anosov and finite- 
order. The theory has numerous applications and implications for many 
diverse areas of mathematics, but we will focus on some of its dynamical 
aspects. The reader is referred to [37] for the original proof, to [13] or [20] 
for proofs of the theorem for orientable surfaces, and to [12] for a proof for 
non-orientable surfaces. Also, an algorithmic proof can be found in [3]. 

This chapter is organized in the following way: Sections 13.11 and 13.21 are 
devoted to finite-order maps and to pseudo-Anosov maps respectively, and, in 
Section [3^3] we define reducible maps, give the Thurston-Nielsen classification 
and state some properties of finite-order maps. 

3.1 Finite-order maps 

The simplest types of maps used in the construction of a Thurston represen- 
tative are the finite-order maps defined in Chapter [H They are dynamically 
very simple: the period of each orbit equals the order n of the map, except 
for a finite number of orbits whose period is a divisor of n. If /: E — )■ E 
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is an isometry with respect to a hyperbohc metric, then it is standard that 
/ is finite-order; see |il3l Expose 3, Theoreme 18]. Conversely, when / is 
finite-order on a surface of negative Euler characteristic, it is an isometry 
with respect to some hyperbolic metric; see [121 Theorem 2.8]. 

If /: S — > S is a homeomorphism, then the order of /, denoted by o"/, 
is the least positive integer a such that /'^ = Id^ , or oo if no such a exists. 
The order of a non-empty class C of homeomorphisms is defined to be the 
supremum of the o"/, / G C- Wiman [H] determined the order of J^^ and 
Wang [39] determined the order of J^~; see also [21]. These results are 
summarized in the following. 

Theorem 3.1 If g > 2 then the order of J^^ is Ag + 2 and the order of J^g 
is Ag + {-l)H. 

Remark 3.2 Observe that the order of J^^ (resp. J^~) coincides with the 
upper bound given for m('H^b) (resp. m('H~b)) by Theorem H (resp. Theo- 
rem I). □ 

As well as the order of finite-order maps, we require some information 
about the connected components of Fix(/). This is stated in the following 
lemma which is a consequence of |27j Lemma 1.1]; see also [121 Theorem 2.8]. 

Lemma 3.3 // /: S — y S is an orientation-preserving finite-order homeo- 
morphism, and A is a connected component o/Fix(/), then either A = T,, 
or A contains only one point and it has a neighborhood homeomorphic to 
where f acts as a rotation. In the former case, Ind/(A) = x(S); o,'>^d in the 
latter case, Ind/(A) = 1. 

Observe that the trace of (Id„)*fc equals the k-th Betti number of S, i.e., 

Zj 

trace((Id^)^,jt) = 6fc(S) for each G N. In particular, by f l2.2p . L(Id^) = 
x(S). By Lemma [3.31 and Theorem 12.71 we have the following. 

Lemma 3.4 ///: E — > S is an orientation-preserving finite-order map then 

r Card(Fix(/)) iff^ld^, 
(3-1) L{f) = \ /v^ 



Now we state a result analogous to Lemma IXSl for the orientation-reversing 
case; see [121 Theorem 2.8] for the proof. 



Lemma 3.5 Let f G and A be a connected component o/Fix(/). Then 
A is a simple closed curve, with a neighborhood U homeomorphic to x (0, 1) 
where f acts as the reflection {z,t) {z,l — t). Moreover, lndf{A) = 0. 

Applying Lemmas 13.31 and 13.51 we obtain the following. 

Lemma 3.6 Let f G J^^. // there exists i G {1,2, ... ,0"/ — 1} such that 
/*|c = Idc for some simple closed curve C C S^, then Oj =4 2 and i = (Jf/2. 

3.2 Pseudo-Anosov maps 

A detailed description of pseudo-Anosov maps of surfaces without boundary 
can be found in [16], but this author could not find a good description for 
pseudo-Anosov maps of surfaces with boundary. For this reason we give a 
complete definition here, although for our purposes it would be enough to 
give the description of a standard form defined in Chapter HI 

A singular foliation F 0/ S is a partition of S \ {xi, X2, ■ ■ ■ , x^}, for some 
finite subset {xi, X2, ■ ■ ■ , x^} of S, into a disjoint union of one-dimensional 
manifolds, called leaves, such that there exists a finite C°° atlas with charts 

where iff. Ui — > C, with m < I and Ui<i<iUi = S, and a finite sequence of 
integers Pi > 3, i G {1,2,..., m}, and s G {0,1,2,..., m}, such that the 
following statements hold: 

Case 1. If 1 < z < s then 

(1) <^,{U,) = Da^n{z eC : ^{z) > 0} for some > 0; 

(2) Xi G Ui and (fi{xi) = 0; 

(3) For each leaf L of F, if is a component of L (lUi, then there exists 
k G [0, 00) such that K is mapped bijectively to a component of {z G 

C : Q{zP^-') = k}nifi,{Ui). 

Case 2. If s + 1 < i < m then 

(1) (fi{Ui) = Da, for some > 0; 

(2) Xi G Ui and ipi{xi) = 0; 



Case 1. p=3 



Case 2. p=3 



Case 3 



Figure 3.1: Charts for singular foliations 

(3) For each leaf L of F, if X is a component of L fl C/j, then there exists 
k e [0, oo) such that K is mapped bijectively to a component of {z e 
C : = A;}n(^,(t/,). 

Case 3. If m + 1 < i < Z then 

(1) '^i{Ui) = {0,bi) X (0,q) or {0,bi) x [0, q) for some bi,Ci > 0; 

(2) For each leaf L of F, if X is a component of L fl C/j, then there exists 
k e [0, oo) such that K is mapped bijectively to a component of {2; e 
C : Q{z)^k}r)ipi{Ui). 

The points Xi, i G {1, 2, . . . , m}, are called the singularities of the foliation 
and the points in S \ {xi,X2, ■ ■ ■ , x„i} are called regular points. Observe that 
each boundary component of E is a finite union of leaves and singular points. 

For each i G {1, 2, ... , m} there are pi leaves emanating from Xi. These 
leaves are called prongs and we refer to as a p-pronged singularity . If x is a 
regular point then it is contained in a single leaf L. However for convenience, 
we will refer to the oriented components of L \ {x} as the prongs emanating 
from X and to 2-pronged point. A leaf emanating from a boundary 



Figure 3.2: An arc transverse to a foliation in a singularity 



component B but not contained in B is called a prong of B and B is called a 
p-pronged boundary component if there are exactly p prongs emanating from 
it. 

Let X be a singularity of a singular foliation F and let {(f^, U^) be a chart 
such that X G U^c- We say that an arc a C S such that x G a is transverse 
to F in X if there exists r > such that for every f < r, {a \ {x}) fl (/^^"'^(Dr) 
has exactly two connected components and each of them is included in one 
connected component of (f'^^DrD (ifxiUx) \ {z G C : '^{z^^'^) = 0})); see 
Figure 

An arc a is transverse to a foliation F if it is transverse to the leaves of 
F in the usual sense in the regular points of F and transverse to F in the 
singularities. 

A transverse measure ^ to a foliation with singularities F is a map which 
assigns to each arc a transverse to F a non-negative Borel measure on a, 
with the following properties: 

(1) If /3 is a subarc of a then the measure /i/3 is the restriction of fia to (3. 

(2) If ao, c^i are two arcs in S transverse to F related by a homotopy 
a: [0,1] X [0,1] — > S such that a([0,l]x{0}) = and a([0, 1] x {1}) = 
«! and a([0, 1] x {a}) is contained in a leaf of F for each a G [0, 1], 

If k: S — y S is a homeomorphism and F is a foliation of S we say that 



Figure 3.3: Charts for transverse singular foliations 



F is invariant under k if the images under k of the leaves of F are leaves of 
F. If F is a foliation invariant under k and /i is a measure transverse to F, 
we define the image measure k{fi) as the transverse measure to F such that 
if a and (3 are arcs transverse to F then ki^iJ^pipf) = /iA:-i(/3)(A;~^(7)) for every 
Borel set 7 C a. 

A pair {F, fi) is a measured foliation if F is a singular foliation and /i is a 
transverse measure to F. 

Let Fi and F2 be two singular foliations and assume that x is an interior 
p-pronged singularity for Fi and F2. We say that Fi and F2 are transverse 
in X if there exists a neighborhood f/ of x, r > 0, and a homeomorphism 
if: U — 7- such that 



(2) For each leaf L of Fi, if i^' is a component of L H f/, then there exists 
k G [0, 00) such that K is mapped bijectively to a component of {z G 
C : = fc} n (^([/); see Figured 

(3) For each leaf L of F2, if is a component of L fl [/, then there exists 
k E [0, 00) such that K is mapped bijectively to a component of {z G 
C : Q{zP/^) = k}r] ip{U); see Figure [Sj 

Let i? be a boundary component of S, and let Fi and F2 be two singular 
foliations on S. Collapsing i? to a point x, the foliations Fi and F2 induce two 
(not necessarily singular) foliations Fi and F2 respectively in the resultant 
surface S. We say that Fi and F2 are transverse in B if Fi and F2 are 
transverse in x\ (see Figure 1331) . Two singular foliations are transverse if 
they have the same interior singularities, and they are transverse in interior 
singularities, boundary components and regular points (see Figure [3^3!) . 

A map /: S — )■ S is called pseudo-Anosov if there exist two measured 
transverse foliations (F'*,/i'^) and {F'^,fi^) which are invariant under /, and 




(1) 



V?(x) = 0; 



such that each boundary component contains at least a singular point, and 
a real constant A > 1 such that /(/i'') = A'^/i** and = A/i". (This 

is usually denoted as f{F',fi') = (F^ A" V) and = (F",A/i")). 

This number A is called the expansion constant for f. 

Remark 3.1 If a C E is an arc included in a leaf of (resp. F^) and it 
is not included in the boundary of S then a is transverse to F'"^ (resp. F"). 
Thus, /i'^(a) (resp. /i"(a)) is defined. Furthermore, /i''(/(a)) = A~V('^) 
(resp. fx'^ifia)) = A/i"(«)). 

On the other hand, if a is an arc included in (9S then neither /i'^(Q;) nor 
yu"(Q;) are defined. □ 

/^From now on we will work with only the unstable foliation F". For 
simplicity, we will refer to it as the foliation. 

Denote by Sing(S) the set of singularities of the foliation. A very useful 
equation which relates the Euler characteristic of S with the foliation is the 

Euler-Poincare Formula, 

(3.2) (2-p.) = 2x(S), 

sGSmg(E) 

where Ps is the number of prongs emanating from s for each s G Sing(S); see 
[T3t expose 5] for a proof. 

Remark 3.2 If i? is a p-pronged boundary component, then 

{2-p,) = -p. 

sGSing(B) 

□ 



3.3 The classification theorem 

A system of reducing curves for a surface S is a finite (possibly empty) 
set of pairwise disjoint simple closed curves F = {Fi, F2, . . . , F„} C E such 
that each connected component of S \ F has negative Euler characteristic. 
If /: S — )■ S is a homeomorphism, then a system of reducing curves for f, 
or an f -system of reducing curves, is a system of reducing curves F for S 



which is /-invariant and has an /-invariant tubular neighborhood A^(r) of 
r, called an f -tubular neighborhood. A homeomorphism /: S — > S is said 
to be reducible if there exists a non-empty system of reducible curves T for 
/ and, for each connected component of E \ N{T), there exists a positive 
integer n such that: 

(1) r{R) = R. 

(2) f^lji: R — > R is either finite-order or pseudo-Anosov. 

The subsurface R is called an f -component or component of f. The least 
positive integer n which satisfies f^\R) = R is called the period of R or 
f -period of R. Wc say that a i? is a pseudo-Anosov component of f or a 
finite-order component of f if the homeomorphism /"l^: i? — > R is pseudo- 
Anosov or finite-order, respectively. 

Theorem 3.1 (Thurston-Nielsen) // /: S — y H is a homeomorphism then 
f is isotopic to a homeomorphism f which is finite-order, pseudo-Anosov or 
reducible. 

Here wc say that /' is in Thurston canonical form. Notice that /' is 
not uniquely determined by /. In general, one says that an isotopy class is 
finite-order., pseudo-Anosov or reducible if an element in Thurston canonical 
form has the corresponding property. If an isotopy class is finite-order then 
any complicated behavior of the maps in this class can be isotoped away. 
However, complicated behavior of maps in a pseudo-Anosov class persists 
under isotopy. 



Chapter 4 

The standard form 



Any isotopy class contains infinitely many homeomorphisms as Thurston 
canonical forms. However, while finite-order isotopy classes have, roughly 
speaking, a unique representative, for pseudo-Anosov homeomorphisms of 
surfaces with boundary, there is a certain amount of choice involved in the 
structure of the foliation and the dynamics of the representatives of a given 
class. There are a number of papers that have used this freedom to refine 
the Thurston canonical form for dynamical purposes. Such a refinement 
was used to prove the existence of a dynamically minimal representative for 
Nielsen classes of fixed points in the category of surface homeomorphisms. 
This result was sketched by Jiang in and given in full detail by Jiang and 
Guo in [27] . They isotope the Thurston canonical form in different steps. We 
are not interested in the final refinement but in a specific type of Thurston 
canonical form obtained during the process. They call this particular type 
the standard form. 

In order to prove our main results we need to prove the existence of fixed- 
points classes of index different from one for iterates of a homeomorphism. 
Since essential fixed-point classes (and their indices) are preserved under 
isotopy, it will be enough to prove that each map in an isotopy class has a 
fixed-point class of index 0, or that one representative of the isotopy class has 
a fixed-point class of negative index. We will do this for maps in standard 
form because this class of maps has very useful properties: iterates of a map 
in standard form are also in standard form, fixed-point classes are connected, 
their structure is well understood, and their indices are easily calculable. 

Throughout this chapter we will follow [27] , in order to give a description 
of the standard form and to state some of its properties. This description 
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will be done in the spirit of the Thurston-Nielsen Theorem: In Section 14.11 
we describe the standard form for pseudo-Anosov maps and its fixed-point 
classes; in Section 14.21 we define a reducible map in standard form to be a 
reducible map in Thurston canonical form. The main result of this chapter 
is Proposition 14. 4[ where we describe the structure of the fixed-point classes 
of a map in standard form. 



4.1 Standard form for pseudo-Anosov maps 

In view of the need to glue finite-order pieces and pseudo-Anosov pieces to- 
gether, the standard form is required to be finite-order on 9S. By definition, 
a map in standard form is smooth but we are not going to take this property 
into account here, because it will not be necessary for our purposes. 

We begin by defining some auxiliary maps. Fix a real number A > 1 and 
a natural number p. Consider the correspondence $p: C \ {0} — )■ C \ {0}, 
z I—)- z^l"^ ^ and the diffeomorphism ^: C \ — )■ C \ {0} defined as 

^{z) = z - 

\z\ 

Let V be the vector field on C obtained by "slowing down" the vector field 

V{s) = As, 

with a non-decreasing smooth function a: M — > [0, 1] such that a{0) = and 
a(l/A2) = 1; that is, V{s) = a{\s\)V{s). 

Recall that the time-one map associated to a vector field W is defined as 
(p{x, 1), where f{x,t) is the solution of the equation 

r^ = i^(^(x,t)) 



and recall that the vector field $*(V^) is defined in a point q as the product 
of the matrix d^'^^^^-^ with the vector V{q). 

Let /: C — C and /': C \ — > C \ be the time-one maps associated 
to the vector fields 



Vp{z) 



%,'Viz) iiz^O, 
if z = 0, 




Figure 4.1: The flows of Vp and v'^ (p = 3). 




See Figure Wl\ 

Now, consider a G M and define r^: C — > C and r'^: C — > C by 

rl{z) = ze^^"" and r-{z) = ze'^'"^. 

We say that a pseudo-Anosov map /: S — y S is in standard form if there 
is a finite smooth atlas [/ of S, consisting of one chart for each interior 
singularity, one chart for each boundary component and charts at interior 
regular points such that: 

(1) If X is an interior p-pronged point (possibly regular) and {Ux,Ux) is 
the chart for x then the measures fi^ and /x" are mapped by Ux to the 



measures |$R d^p{z)\ and d^p{z)\ on C respectively. The leaves of 
and are mapped to the lines {z E C : ^^p{z) — constant} and 
{z E C : ^5$p(2;) = constant} respectively. 

(2) If A is a ]9-pronged boundary component and {Ua, ua) is its chart, then 
the measures and on Ua get mapped to the measures |3fJ d^p^{z) \ 
and d^^p{z)\ on C \ respectively. The leaves of Fg and F„ get 
mapped to the lines {z E C : '^^p^{z) — constant} and {$^$^^(2;) = 
constant} respectively. 

(3) For each chart {Ux, Ux) at an interior singularity x, Ux{Ux) contains the 
closed disk Clijf). Moreover Cl(D^) n f/^ = for every y ^ x such 
that {Uy,Ui) is a chart of the atlas. Similarly for the closed annulus 
{z : 1 < |2;| < 2} in each chart {Ua,ua)- 

(4) If a; is a p-pronged point or A is a p-pronged boundary component then 
for each chart {Ux,Ux) and {Ua,ua), there exists < A; < p such that 
the following diagrams commute. 

{Ux,{x}) {U^^x),Wi^)}) iUA,A) — ^ {U^^A),^iA)) 



UA 



(C,{0}) ^ (C,{0}) (C\D2,{0}) ^ (C\D2,{0}) 

where e is + or — when the map / is orientation-preserving or reversing, 
respectively. 

We say that a fixed point x or an invariant boundary component A is of 
type ip,k)'^ (resp. of type (p, if / preserves orientation (resp. reverses 
orientation) and one of the following statements holds: 

(1) X is a singularity or A is a boundary component and (p, k)'^ (resp. 
(p, is as in part (4) of the definition of standard form. 

(2) a; is a regular point, (p, k) = (2, 0) and the two prongs in emanating 
from X remain fixed under the action of /. 

(3) a; is a regular point, (p, k) = (2, 1) and the two prongs in F" emanating 
from X are interchanged by /. 

Roughly speaking, we can say that a pseudo-Anosov map acts as a ro- 
tation of angle 2/c7r/p on the prongs of a fixed point of type (p, /c)+ and as 
a refiection on the prongs of a fixed point of type {p,k)~. So we have the 
following remark. 



Type of X 


(p,0)+ (2n,0)- (2n,l)~ (2n + l,0)- 


Ind/(x) 


l-p I -1 1 



Table 4.1: Indices of fixed points of a pseudo-Anosov map 



Type of A 


(p,0)+ (2n,0)- (2n,l)- (2n + l,0)- 


Fix(/) n A 
Ind/(A) 


a 2 points 2 points 2 points 
-p 0+0 1+1 1+0 



Table 4.2: Indices of invariant boundary components of a pseudo-Anosov 
map 



Proposition 4.1 Lei x (resp. A) he a fixed point (resp. an invariant bound- 
ary component) of type {p,k)~^ of an orientation-preserving pseudo-Anosov 

homeomorphism f. Then, for each positive integer n, x (resp. A), is of type 

' — p 

{p, nk for In particular, x (resp. A) is of type (p, 0)~^ for f^. In other 
words, all prongs emanating from x (resp. A) remain fixed under the action 
off^. 

On the other hand, if x (resp. A) is a fixed point (resp. an invariant 
boundary component) of an orientation-reversing pseudo-Anosov map f of 
type {p,k)~ then x (resp. A) is of type (p, 0)^ for f^. Hence, all prongs 
emanating from x (resp. A) remain fixed under the action of f^ . 



Proposition 4.2 Let /: S — y H be a pseudo-Anosov homeomorphism in 
standard form. 

(1) If f preserves orientation then the fixed-point classes of f are either 
interior fixed points or invariant boundary components. 

(2) If f reverses orientation then the fixed-point classes of f are fixed 
points. 

Furthermore, the indices of fixed-point classes depend on their types as de- 
scribed in Tables and \4.S\ 



4.2 Definition and properties of the standard 
form 



We say that a homeomorphism /: S — > S in Thurston canonical form is in 
standard form if one of the following holds 

(i) / is finite-order 

(ii) / is a pseudo-Anosov map in standard form. 

(iii) / is reducible, every component of / satisfies (i) or (ii), and for each 
connected component A of A^(r), if n is a positive integer such that 
/"(A) = A, then f"'\ci{A) is conjugate to one of the following maps of 
§1 X /. 

(1) {z,t) I—)- (ze^^"''^''^^'^'^ ,t), where a and b are rational numbers. 

(2) {z,t) I— !■ (^e"*^^~^*^'^% 1 — t), where a is rational. 

(3) {z, t) I—)- (ze^"'^' , 1 — t) where a is a rational number. 

(4) {z,t) {z,t)] where z denotes the conjugate of z. 

For each connected component A of N{r), the minimum positive integer m 
such that f"^{A) = A is called the f -period of A. 
Now we state properties of the standard form. 

Lemma 4.1 Each isotopy class of homeomorphisms of a surface contains a 
map in standard form. 

The following can easily be deduced from the definition of standard form. 

Lemma 4.2 Iterates of a map in standard form are also in standard form. 

Remark 4.3 If /: S — y S is an orientation-preserving map in standard 
form and B is an /-invariant boundary component of S then /|b is a ro- 
tation. Furthermore, if B belongs to a pseudo-Anosov component of / and p 
is the number of prongs of B then /^l^ = Idg and all the prongs emanating 
from B remain fixed under the action of □ 

A description of the fixed-point classes of a map in standard form is given 
in the next result, which plays a key role in the proofs of Theorems H and I. 

Proposition 4.4 ([271 Lemma 3.6]) Let /: S — > H he a map in standard 
form. Assume that C is a fixed-point class of f . Then one of the following 
holds. 



(A) C — {x} where x is an isolated fixed point, f preserves orientation and 
one of the following holds: 

(A.l) X G Int(S) and f is conjugate to a rotation in a neighborhood of 
X and Ind/(a;) = 1. 

(A. 2) X G Int(S) is a fixed point of a connected component A of N{T), 
/|ci(A) is conjugate to a map of the form {z,t) h- )■ (^e"^^~^*^'^', 1—t) 
and Ind/(x) = 1. 

(A. 3) X G Int(E) is a type {p, k)^ interior fixed point of a pseudo-Anosov 
component and Ind/(a;) = 1— p if k — and Ind/(a;) — 1 other- 
wise. 

(B) C = {x} where x is an isolated fixed point and f reverses orientation 
and one of the following holds: 

(B.l) X G Int(E) is an interior fixed point of a pseudo-Anosov compo- 
nent and Ind/(x) G {1, —1, 0}. 

(B.2) X G is in a type (p, k)~ invariant boundary component of some 
pseudo-Anosov component and Ind/(a;) — 1 or 0. 

(C) C is a simple closed curve, f is orientation-preserving and one of the 
following holds: 

(C.l) C C Int(E) and C d A for some connected component A of N{T), 
fc\{A) is conjugate to a map of the form {z,t) ^ (ze'^^"'~^^^^'"\ t) and 
IndfiC) = 

(C.2) C C Int(E), C is a type {p,0)~^ boundary component of a pseudo- 
Anosov component of f, andliidf{C) — —p. 

(C.3) C C dTi, C is a type (p, O)"'' boundary component of a pseudo- 
Anosov component of f and Ind/(C) = —p. 

(D) C is a simple closed curve and f is orientation-reversing, C C Int(E), 
in a neighborhood ofCfis conjugate to the reflection {z,t) i->- {z, 1 — t) 
and Ind/(C) =0. 

(E) f is orientation-reversing, andC is a fixed arc. C is contained in a sub- 
surface B on which f acts as an involution (i.e., f^ = Id). Moreover, 
if X is an endpoint of C such that x G Int(E) then it is in a boundary 
component of a pseudo-Anosov component. Also, Ind/(x) G {1, —1,0}. 

(F) f is orientation-preserving andC is a fixed subsurface ofH with x(C) < 
0. If B is a boundary component of C such that B C Int(S) then 
B is also a boundary component of either a component of N{T) or a 



component of a pseudo-Anosov component of f . In the latter case, B 
is of type (p, 0) + . Moreover Ind/(C) = x(C) — '^Pb < where the 
summation is over the components B of dC which are also boundary 
components of a pseudo-Anosov component of f and pb is the number 
of prongs emanating from B. 



Chapter 5 

Planar discontinuous groups 



The goal of this chapter is to give a brief exposition of some features of the 
theory of planar discontinuous groups. This theory will provide us the nec- 
essary tools for the construction and study of finite-order homeomorphisms 
of closed surfaces in Chapter [61 

Let us begin by introducing some notation and definitions. We shall 
denote by an element of the set {+,—}. A signature consists of a sign + or 
— and an ordered sequence of integers with certain subsequences bracketed 
together in the following manner: 

(t9,T, [mi,m2, . . .,mj, {(mi,i,mi,2, . . . ,mi,Mi), 

(m2,i,m2,2, • • . ,m2,Af2), . . . {mB,i,mB,2, ■ ■ ■,mB,Mg)}) 
and satisfying: 

(1) T >0, R>0, B >0, and > for each i e {1,2, . . . , B}. Moreover, 
if the sign of the signature is -f, T is even; 

(2) If T = B = then the sign of the signature is -|-; 

(3) For every i G {1,2,..., R}, rrii > 2 and rrii < rrij if i < j; 

(4) For every z G {1,2, . . . , B}, j G {1, 2, . . . , MJ, m,,, > 2. 

Observe that R, Mi for some i & {1,2, . . . , B} or B can be 0. In such cases, 
the signature will be written with the brackets inserted, but with no symbols 
between them. In fact, the signatures which we will consider in Lemma [5. IH 
and afterwards, satisfy Mj = for every i G {1,2, . . . , B}. To abbreviate 
the notation we shall denote these signatures by 

{i^,T,[mi,m2,...,m^],B). 
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If 

^ = {'&, T, [nil, 1712, • • • , mj, {(mi_i, mi,2, • • • , rrii^Mi), 

(m2,l,m2,2, • • • ,"^2,Af2)5 • • • {mB,l,mB,2, ■ ■ • ,"^iJ,M^)}) 

is a signature, the Euler characteristic of \1/ is defined as 

We say that a group G is a (cocompact) planar discontinuous group if there 
exists a signature \1/ as in the above paragraph such that < and G 

has a presentation with generators: 

(1) a„ze{l,2,...,i?}, 

(2) r„zG{l,2,...,T}, 

(3) 7r„zG{l,2,...,S}, 

(4) p,,,,ze{l,2,...,5},je{l,...,M, + l}; 
and defining relations 

(1) aT\ie{l,2,...,R}, 

(2) /j^^, z G {1, 2, . . . , 5}, J e {1, 2, 3, . . . , M, + 1}, 

(3) (p„p„+i)-- , z e {1, 2, . . . , 5}, J G {1, 2, . . . , M,}, 

(4) vrr^pi j^^^+iTTiPi,!, i e {1, 2, ... , 5}; 

(5) (i) If 7? = + then 

7ri7r2, . . . , 7r3aicr2 . . . , cr^jri, r2][r3, rj . . . [rr_i, Tt] 

(where [a,h] denotes aba^^h^^). 
(ii) If t9 = - then 

7ri7r2, . . . , 11^0102 cFj^tItI . . . , r|. 

It can be proved that a planar discontinuous group G determines its 
signature up to certain permutations, see [Ml Theorems la, 2a and 3]. We 
require a weaker version of this result: 

Theorem 5.5 // the signatures 

{'d,T, [mi, . . . ,m^], {(mi^i, . . . ,mi,Mi), • • • • • • ,"^b,m„)}) and 



('i9,T, [mi, . . .,mj, {(mi,i, . . . ,mi,Mi), • ■ ■ • • • ,"^^,1/3)}) 

are associated to a planar discontinuous group G then d = d,T = T,R = R, 
rrii = ffii for each i G {1,2,..., R}, Mj = Mj for each i G {1,2,..., B} 
and 

{mi_i,mi_2, • • -.mi^Mi] = {"^i,i, "^i,2, • • • ,"^i,AfJ 

for each i G {1, 2, . . . , 5}. 

In particular, the order of each of the generators is determined by the 
relations (1) and (2), and, for each i G {1, 2, . . . , B}, j G {1, 2, . . . , Mi}, the 
order of {pijpij+i) is rriij. 

Remark 5.6 The requirement that < rrij ii i < j in the definition of 
a signature could have been dropped. In this case, the are uniquely 
determined up to permutation. □ 

Let G be a planar discontinuous group with signature \E'. We define the 
Euler characteristic of G as 

KG) = m- 

By Theorem 15.51 the Euler characteristic of a planar discontinuous group is 
well defined. A planar discontinuous group is said to be non-Euclidean (resp. 
Euclidean) if p{G) < (resp. /i(G) = 0). 

Given a planar discontinuous group G, we define a homomorphism 

e:G^{-l,l}, 

called the orientation map, which acts on the generators in the following way: 

1 for each i G {1, 2, . . . , i?}, 
1 for each 2 G {1, 2, . . . , 5}, 
-1 for each i G {1, 2, . . . , 5}, j G {1, 2, . . . , MJ, 
f 1 if^9 = +, 
[ — 1 otherwise. 

A planar discontinuous group G is said to be orientable if e{G) = {1} and 
non-orientable if e{G) = { — 1, 1}. By Theorem 15.51 this definition is indepen- 
dent of the signature of G. 

A surface group is a planar discontinuous group for which B = R = 0. 



Remark 5.7 Notice that if G is a surface group, then it is isomorphic to the 
fundamental group of a surface. More precisely, if G is orientable (resp. non- 
orientable) and has signature ("i?, T, [ ], { }), then it is isomorphic to 7ri(ET) 
(resp. 7ri(iVT)). Here, 7ri() denotes the fundamental group, and Nt a non- 
orientable compact connected closed surface of genus T. Observe that if G 
is orientable then T is even and 

/i(G) = x(ST), 
and if G is non-orient able then 

/i(G) = x(iVT). 

□ 

Now we state the well-known Riemann-Hurwicz Formula (see, for in- 
stance, [431 Theorem 4.14.22] 

Theorem 5.8 Let G he a planar discontinuous group and let H he a suhgroup 
of G of finite index. Then H is a planar discontinuous group and 

f,{H) = [G : HUG). 

Moreover, the orientation of H is the restriction of the orientation of G. 

Here, [G : H] denotes the index of H in G. 

Remark 5.9 Observe that, by Theorem 15.81 if if is a subgroup of finite 
index of a non-Euclidean (resp. Euclidean) planar discontinuous group G 
then if is a non-Euclidean (resp. Euclidean) planar discontinuous group. 
Further, if G is orientable so is H. □ 

As usual, if G and H are groups and 0: G — )■ if is a homomorphism, 
Ker((;/)) denotes the kernel of 0. If H is finite, it follows from Theorem 15.81 
that Ker(0) is also a planar discontinuous group. In the following lemma we 
determine necessary and sufficient conditions for Ker(0) be a surface group. 
The proof is elementary and can be found in [21] for the particular case of 
non-Euclidean planar discontinuous orientable groups. The general case is 
analogous and for this reason, we do not include it in this exposition. 



Lemma 5.10 Let (j): G — )■ H he a homomorphism where G is a planar dis- 
continuous group and H is a finite group. Then preserves the orders of the 
elements of finite order in G if and only z/Ker(0) is a surface group. 

In the following lemma, we state a property which must be satisfied for 
planar discontinuous groups G which admit epimorphisms 0: G — > Z„ pre- 
serving the orders of its finite-order elements. 

Lemma 5.11 Let G he a planar discontinuous group with signature ^ and 
let n he a positive integer. If there exists an epimorphism (j): G — > Z„ which 
preserves the orders of finite-order elements of G then Mj = for each 

I e {1,2,. ..,5}. 

Proof. Assume that Mj > 1 for some i G {1,2,..., B}. Since p1i = p^2 — 1' 
n must be even and 0(pi,i) = 0(Pi,2) = [f ]n- Hence, Pi,iPj,2 ^ Ker(0). On the 
other hand, by Theorem 15.51 the order of Pi,iPi,2 is '^i.i > 2, a contradiction. 

■ 

^From now on, we are going to consider only planar discontinuous groups 
G which admit epimorphisms 0: G — > Z„ for some positive integer n preserv- 
ing the orders of finite-order elements of G. By Lemma 15.111 the signature 
of such groups can be denoted by T, [mi, m2, . . . , m^^], B). 

Let n, B, R and 1 < Pi,P2, ■ ■ ■ ,Pr < n he elements of N. We say that 
a finite-order homeomorphism /: S — > S is of type [n; B; {pi,P2, ■ ■ ■ ,Pr}] if 
the following holds. 

(1) n = (jf- 

(2) For each i G {1, 2, . . . , i?} there exists a periodic /-orbit Oi of period 
Pi. Furthermore, Oj fl = if i 7^ j; 

(3) There exist B simple closed curves Ci, C2, . . . , Cb in S such that 

(i) For each 1 < i,j < njl^ and for each 1 < l,m < B, 

f(Q)nf (C„) = 0, ifl^moit^j. 

(ii) /t|c, = Idc, for each z G {1,2,..., 5}; 

t R \ 

(4) Every point x G S \ [j [j f^ (Ci) U [j Oi ] has period n. 

\i=ij=i i=i j 



The following result will be crucial for our arguments, because, combined 
by Harvey's Theorem 15.141 and Theorem [621 will give necessary and sufficient 
conditions for the existence of a finite-order map of a given type. The proof 
can be found in [18] for the particular case of orientable planar discontinuous 
groups and orientable homeomorphisms of prime order. This proof can be 
easily generalized for orientable groups and homeomorphisms of any order. 
The more general statement we give here is a consequence of some results of 
Chapter 4]. 

Theorem 5.12 Let n be a positive integer, let G be a planar discontinuous 
group with signature 

(t?,T, [mi,m2, . . .,m^],B) 

and let 0: G — > Z„ be an epimorphism such that Ker(0) is an orientable 
surface group. Then there exists a finite-order homeomorphism f: S — > S 
of type 

[n;S;{^,^,...,^}]. 

L ' 'I- mi ' m2 ' ' m^ J J 

where H is a closed surface such that 7ri(S) is isomorphic to Ker(0). More- 
over, the genus of S equals 

n{T + B + R-2)-Zf=in/m, 
2 

Conversely, let g be a positive integer and let f: — )■ be a finite- 
order homeomorphism of type [n; B; {pi,P2, ■ ■ ■ ,Pii}]- Then 

n 

is a non-negative integer and f determines an epimorphism from a planar 
discontinuous group G of signature ('i9,T, ^, . . . , B) to Z„ such that 
Ker(0) is isomorphic to 7ii(T,g). 

In both cases, f is orientation-preserving if and only if G is orientable. 

By Theorem 15.121 (or by Lemma 13. 3p we have the following. 

Corollary 5.13 If there exists f G J^J' of type 

[n;B;{pi,p2,...,pJ] 



then B = 0. 



The next theorem, due to Harvey pi], determines when, given a signature 
^ and an integer n > 2, there exists an epimorphism from an orientable group 
G with signature \1/ to Z„ such that its kernel is a surface group. 

Theorem 5.14 (Harvey) Let n >2. Suppose that G is an orientable planar 
discontinuous group of signature 

(+,r, [mi,m2,...,m^],5) 

and let 

M = l.c.m(mi, m2, . . . , rn^). 

Then there exists an epimorphism 0: G — > Z„ such that Ker(0) is a surface 
group if and only if the following conditions are satisfied: 

(1) l.c.m(mi, m2, . . . , mj, . . . , m^) = M for each i G {1, 2, ... , R} where 
rhi denotes the omission ofrrii; 

(2) M divides n, and, ifT = 0, M = n; 

(3) R^l and, ifT = 0, R> 3; 

(4) if 2"^ divides M, and 2™+^ does not divide M for some positive integer 
m, the cardinal of the set {i G {1,2,..., R} : 2™ divides rrii} is even. 

The following proposition is the analogue of Theorem 15.141 for orientable 
Euclidean groups. 

Lemma 5.15 Let G be a Euclidean planar discontinuous orientable group. 
Then there exists an epimorphism cj): G — > Zn such that Ker(0) is a surface 
group if and only if one of the following holds, 

(1) The signature of G is (+, 0, [2, 2, 2, 2], 0) and n = 2. 

(2) The signature of G is (+, 0, [3, 3, 3], 0) and n = 3. 

(3) The signature of G is (+, 0, [2, 4, 4], 0) and n = A. 

(4) The signature of G is (+, 0, [2, 3, 6], 0) and n = 6. 

(5) The signature of G is (+,2, [ ],0). 



Proof. A simple calculation shows that if /i(G') = then the signature of G is 
one of those listed in (l)-(5); see |3H Table I]. Thus, the result follows from 
Lemma I5.10[ ■ 



Part II 
Development of the tools 
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Chapter 6 



Finite-order maps of closed 
surfaces 

This chapter is dedicated to the study of homeomorphisms of finite order of 
closed surfaces. This study has two goals: Firstly, to give a characterization of 
the possible types of maps in and in which will allow us to determine, 
in Chapter [9], m(j^^^) and m(j^~^). The second goal is the construction of 
maps with "large" minimum periods in Chapters [9] and [IDl 

The organization of this chapter is as follows: in Sections 16.11 and 16.21 we 
determine necessary and sufficient conditions for the existence of a map with 
a given type in J^*" and respectively. In Section [6731 we construct some 
special maps in and . 

6.1 The orientation-preserving case 

The following result is a consequence of Theorem 15.121 and Harvey's Theo- 
rem [5TTH 

Corollary 6.1 Let g > 2, n > 2, and 1 < pi,p2, . . . ,Pr < n, be positive 
integers. Set 

2g - 2 + Pi 
d = g.c.d(pi,p2, ■■■,Pr) andT = '-^^^ - R + 2. 

n 

Then there exists f G J^^ of type [n; 0; {pi,P2, ■ ■ ■ ,Pr}] if md only if the 
following conditions hold. 
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(1) T is a non-negative even integer; 

(2) g.c.d{pi,p2, . . . ,Pi, ■ . . ,Pr) = d for each i G {1,2,...,R}; 

(3) For each i G {1,2,..., R}, pi divides n; 

(4) IfT = 0,d=l; 

(5) R^l and, zfT = 0,R>3. 

A necessary and sufficient condition for the existence of a finite-order 
map of certain type is stated in the following result, which is an immediate 
consequence of Corollary 16.11 

Corollary 6.2 Let pi,p2,P3 and g be positive integers such that g > 2. There 
exists f ^ 7g of type [2g - 2 + pi + p2 + Pi]^] {pi,p2,Pz}] if and only if 
Pi,P2,P3 o^^e pairwise coprime and pi divides 2g — 2 + pi + p2 + p^, for each 
^G {1,2,3}. 

In particular, for each g > 2 and each k dividing g, there exist orientation- 
preserving finite-order maps of Hg of the following types: 

[2g + k; 0; {1, 1, k}], [Ag; 0; {1, 1, 2g}], [Ag + 2; 0; {l,2,2g + l}], 

[2g; 0; {1, 1, g}], [2g + 1; 0; {1, 1, 1}], [2g + 2; 0; {1, 1, 2}]. 

We close this section with the following consequence of Theorem 15.121 and 
Lemma 15.151 

Lemma 6.3 The types of the elements of J^i are precisely 

[2; 0; {1, 1, 1, 1}], [3; 0; {1, 1, 1}], [4; 0; {1, 1,2}], [6; 0; {1, 2, 3}] and 

[n;0;{ }],n>l. 

6.2 The orientation-reversing case 

The aim of this section is to state and give a proof of the analogue of Corol- 
lary [6]T] for the orientation-reversing case. 

We need to prove the analogue of Harvey's Theorem l5. 14l for non-orientable 
planar discontinuous groups. In this case, we need to determine, not only 
the existence of an epimorphism 0: G — > Z„ with kernel a surface group but 
also whether Ker(0) is orientable. The following lemma states sufficient and 
necessary conditions for this. 



Lemma 6.1 Let G be a non-orientahle planar discontinuous group and let 
(p: G — > Z„ he an epimorphism. Then Ker(0) is orientable if and only if the 
following conditions hold: 

(1) n is even; 

(2) For every generator x of G, £{x) = —1 if and only if (j){x) is odd. 

Proof. Assume that Ker((/)) is orientable, so Ker((/)) C Ker(£:). Since (f) and 
e are surjective by hypothesis, there exists an epimorphism Z„ i— t- {—1,1} 
such that composed with cj) it gives e. Hence (1) holds. Since there is then 
a unique epimorphism Z„ {—1,1} and it sends odd elements to —1 and 
even elements to 1, (2) holds. 

Reverse reasoning proves the converse. ■ 

We now need to introduce some notation. If G is a planar discontinu- 
ous group of signature ('i9,T, [mi,m2, . . . ,mij],i?) and tt, is a positive inte- 
ger divisible by each mj, we write g.c.d(G, ri) = g.c.d(-^, — , . . . , — ) and 

P(G,n) = iEf=i^ 

Theorem 6.2 Let n he a positive integer and let G he a non-orientahle pla- 
nar discontinuous group of signature 

{{},T, [mi,m2, . . .,mR],B). 

Then there exists an epimorphism (p: G — > Z„ such that Ker({/)) is an ori- 
entable surface group if and only if the following conditions hold: 

(1) n is even; 

(2) each rrii divides n; 

(3) g.c.d(G', is even; 

(4) IfB>lor p{G,n) =2 T + 1 then f is odd; 

(5) IfT + B = 1 then g.c.d(G, n) = 2. 

Proof. We prove the "only if" direction first. Let G - 
phism such that Ker(0) is an orientable surface group 
holds. By Lemma [5.101 has order rrii for each i G 

holds and 



— > Z„ be an epimor- 
. By Lemma \6.1\ (1) 
{l,2,...,i?},so (2) 



for some positive integer ki such that 1 < fcj < rrii, and {ki,mi) = 1. By 
Lemma [6.11 — is even. Clearly, if h is odd, then — is even. If h is even, 
then nii is odd, so by (1) ^ is even. Hence, (3) holds. 

Let us see (4). Assume first that B > 1. By Lemma I5.10[ 4>{pn) = [f]n 

and by Lemma [6. ![ 0(pii) = f is odd. So, we may assume that B = 0. Since 
G is non-orientable, ■}} = —. Suppose now, that | is even. Here, by |6.ip . for 

each i G {1, 2, . . . , i?}, ^i^ii =2 By Lemma [6TT| 0(rj) =2 1 for each 

1 e {1,2,..., T}. Then, since 0(criCT2 . . . ai^rf r| . . . r|) = [0]„, 

^ R T 

=2 - J] 0E) + 5^ 0K) =2 P(G, n) + T 
which proves (4). 

To see (5), observe that, by 1 (6. ip . g.c.d(G', n) divides J2f=i 4>{'^i)- Assume 
that T + B = 1. Then either T = 1, 5 = and ?9 = - or T = 0, 5 = 1 and 
= +. In the former case, since 0(cricr2 . . . o-jirf) = [0]„, g.c.d(G', n) divides 

20(ri). On the other hand, lm(0) is generated by [g.c.d(G, n)]„ and 0(ti). 

Since is surjective, g.c.d(g.c.d(G, n), 0(ri)) = 1. Then g.c.d(G', n) divides 

2 and since it is even the proof of this case is complete. In the latter case, 
that is, when T = 0, B = 1, and {} = +, we have "^f^i 4>{<7i) + 4>{t^i) = [0]n- 
Then g.c.d(G,n) divides 0(7ri), so lm(0) is generated by [g.c.d(G', n)]„ and 
'i>{pii) = [f]n- Therefore, g.c.d(g.c.d(G, n), |) = 1. On the other hand, by 
(4), I is odd, so, since g.c.d(G, n) divides n, g.c.d(g.c.d(G, n), |) = I£:^5i^i£!l. 
Thus, (5) holds. 

We now prove the reverse implication. Consider first the case where 
d = —. If T is odd, define (f) on the generators in the following way: 

[^]„ for^ G {l,2,...,i?}, 
[2], for 2 G {1,2,...,S}, 
for^ G {1,2,...,S}, 
[(-1)% forzG{2,3,...,T}, 
f [-v{G, n) - 2B]n if p(G, n) is odd, 
\ [-pjc, n)-2B + |]„ otherwise. 

We claim that cj) is surjective. If i? > 1, by (4), | is odd. Then [1]„ G lm(0) 
since [2]„, [f ]„ G lm(0) and g.c.d(2, f ) = 1. If 5 = and T > 3, is 



0(7ri) = 
0(ri) = 



surjective because G Im(</)) by definition. If 5 = and T = 1, by (5) 

g.c.d(G,'ri) = 2. Then [2]„ G lm(0). On the other hand, by definition, 0(ri) 
is odd. So, the claim follows directly. 

Suppose now that T is even. Since ■(9 = — , T 7^ 0. So, T > 2. In this case 
we define 

(j){a,) = [^]n for 2 G {1,2,...,/?}, 
0(7r,) = [0]„ for z G {1,2,..., 5}, 
0(pa) = [t]n for^ G {1,2,...,E}, 
0(r,) = [(-l)% forzG{2,3,...,T}, 



0(n) 



- l]n for is even, 

e(^-l + f]„ otherwise. 



Here, is surjective because [1]„ G lm(0). 
li = + we define 

<P{(^i) = [^]n ioTZ G {l,2,...,i?}, 

0(r.) = [2], for z G {1,2,...,T}, 

</'(Ai) = [f]n for^ G {1,2,..., B}, 
0(7ri) = [2-25-2p(G,n)]„ 

0(7r,) = [2]„ for z G {2, 3, . . . , 5}. 

Notice that B > 1 because G is non-orientable. Therefore, by (4), | 
is odd. Clearly, if [2]^, G lni(0), is surjective. It is trivial that this 
occurs when B -\- T > 2. Otherwise, since B > 1, B + T = 1. Then, by (5), 
g.c.d(G,n) = 2. Hence, in this case also, [2]„, [|]„ G lm(0). 

That is an orient able surface group follows from Lemma l6TT] and Lemma fS. 101 



We now come to the main result of this section. 

Corollary 6.3 Let B,R>0, g>2,n>l and 1 < Pi,P2, ■ ■ ■ ,Pr < n be 
integers. Set 

T = 2-R-B+^-^^^±^^^. 

n 

There exist f G J^^ of type [n; B; {pi,P2, • • • , Pr}] if and only if the following 
conditions hold: 

(1) For each i G {1, 2, ... , R}, pi divides n; 

(2) n is even; 



(3) T is a non-negative integer; 

(4) IfB = then T > 1; 

(5) g.c.d(pi,p2, ■■■,Pr) is even; 

(6) IfB + T = l then g.c.d(pi,p2, • • • = 2; 

(7) IfB>l or I E^=lPi =2^ + 1 then f zs odd. 

Proof. Assume that there exists such an /. Clearly, (1) holds. By Theo- 
rem \5.12\ there exists a non-orientable planar discontinuous group G with 
signature 

'' n n n 



.B 



_Pl P2 PR_ 

and an epimorphism (p: G — > Z„ such that Ker((/)) is isomorphic to 7ri(Sg). 
Then (2), (3) and (4) hold, and (5), (6) and (7) follow from Theorem I6.2[ 

To see the converse, consider a non-Euclidean planar discontinuous group 
G with signature 

^ '' n n n 



.B 



.Pi P2 PR. 

such that if i? = then d = —. Hence, G is non-orientable and we can 
apply Theorem 16. 21 to conclude the existence of an epimorphism 0: G — > 'Ln 
such that Ker((/)) is an orientable surface group. By Theorem 15.121 there 
exists a finite-order orientation- reversing homeomorphism /: — )■ of 
type [n; B\ {p\,P2-, ■ ■ ■ ,Pr}]- Now, we complete the proof, by observing that, 
by Theorem 15. 8[ the signature of Ker(0) is (+, (7, [], 0). ■ 

Conditions (2) and (5) of Corollary 16.31 implies the following. 

Lemma 6.4 If J^g^ 7^ then b is even. 

An application of Corollary 16.31 yields the following result, which will be 
used in the proof of Theorem C. 

Lemma 6.5 Let p,pi,P2 and g be positive integers such that g > 2. 

(1) There exist f G J^g of type [2g — 2 + p; 0; {p}] if and only if g is odd, 
p is even, and p divides 2g — 2. 

(2) There exist f G J^g of type [2g — 2 + pi + p2]0; {pi,p2}] if and only 
if g is even, g.c.d(pi,p2) = 2, and, for each i G {1,2}, pi divides 
2g-2 + pi+p2. 



Proof. The reverse implication in (1) as well as the reverse implication in (2) 
follow easily from Corollary 16.31 So, it only remains to prove both direct 
implications. 

We start with (1). Set T = 2-l-0+||5|J^ = 2. Assume that there exists 
/ G J^g of type [2g — 2 + p; 0; {p}]. From Corollary 16.3( 5). it follows that p 
is even. By Corollary 16.3( 1). p divides 2g — 2 + p, so, p divides 2g — 2. If | is 
even, since | divides g — 1 we have that g is odd. If | is odd, | =2 T + 1 = 3. 
Hence by Corollary 16.3( 7). j = g — 1+pis odd. So, g is odd. 

Now, we prove (2). Set T = 2 - 2 - + ^glatStS = Assume that 
there exists / G J^g of type 

[2g-2 + p,+p2;0;{pi,p2}]. 

By Corollary 16.3( 1). Pi divides 2g — 2 + pi + p2 for each i G {1, 2}. Since 
5 + T = + l = l, by Corollary E3i;6), g.c.d(pi,p2) = 2. Then, both f , f 
are odd or one of them is even and the other odd. In the former case, we 
have that 

and by Corollary 16.3( 7). | = (? — 1 + Si^Ei jg g jg even. To study 

the latter case we can assume without loss of generality that ^ is even and 
Y is odd. Since pi divides 2g — 2 + pi + p2, 3- divides g — 1 + y- Hence, 
g — 1 is odd. Therefore, g is even and the proof is complete. ■ 



6.3 Examples 

The purpose of this section is to construct finite-order orientation-reversing 
homeomorphisms of closed surfaces. We shall do this by "gluing together" 
finite-order orientation-preserving ones. Some of the ideas of these construc- 
tions are based on an example given in [39]. These finite-order maps will be 
used in Chapter [9] to construct maps with a given minimum period. 

Before proving these result, let us introduce some notation. For each 
a G M, define — > E>^ by z ^ ze2™\ 



Lemma 6.1 Let g be a positive even integer. Then there exists f G J^g of 
type 

[4g + 4-0-{4,2g + 2}], 



and a closed annulus A C such that /|^ is conjugate to the map {z,t) i— )■ 
(R 1 (z).l-t) on§i X [0,1]. 



49+4 



Proof. Set 1=2- Lemma [63] and Corollary 16. 2[ there exists h E T-il of 
type [4/ + 2; 0; {1, 2, 2/ + 1}]. We can assume without loss of generality that 
C M^. Let D be an open disk centered at the fixed point of h such that 
h{D) = D, and let i? be a plane which does not intersect S/. Denote by 
s^: — y the reflection with respect to this plane. Now define a map 

k: (S, \ D) U s^i^i \ D) (S; \ D) U s JS, \ D) 

in the following way: 



s^{x) if X G S/ \ -D, 
h{s^{x)) if X G \ D). 



Since h has order 4/ + 2, there exists q coprime to 4Z + 2 and a parametrization 
u: §^ — > dD such that uj~^ o h o uj = R 1 . By taking a power of h if 

41+2 O f 

necessary, we can assume that q = 1- Now define an equivalence relation ~ 
on (S, \D)U s^(S; \ D) as follows: Let x,y e (S; \ D) U s^(S, \ D). Then 
X ~ ?/ if and only if one of the following statements holds: 

(1) x = y; 

(2) X G dD, y G Sj^{dD), x = u{z) and y = Sp{u{R__i_{z))); 

(3) y G X G Sp{dD), y = u{z) and x = Sp{ijj{R__i_{z))). 
Observe that 

kiSpiu{R__^^izm = ujiR_^^iz)) ~ s,M^)) = k{uj{z)). 

iFiom. this we can conclude that x ~ y implies k{x) ~ k{y). On the other 
hand, (S;\D)Us^(S/\D)/ ~ is a closed surface of genus g. Hence, k induces 
f Clearly, the type of k is [4^ + 4; 0; {4, 2c/ + 2}]. 

Denoting by p: (S; \ U s^(S; \ D) — > the natural projection, it is 
not hard to see that there exists an annulus A C invariant under / such 

that p(dD) C A and /U is conjugate to the map (.z,t) 1— (R 1 (z), I — t) 

49+4 

on§ix[0,l]. ■ 

Lemma 6.2 Lei g be a positive odd integer such that g > 3. Then there 
exists f G J^g of type 

[Ag-A;0;{2g-2}], 



and a closed annulus A C such that /|^ is conjugate to the map {z,t) i— )■ 
(R^i_Jz).l ~t) on§i X [0,1]. 

Proof. By Corollary 16. 3[ there exists h G J-'g^i of type 

[4g-A;0;{2,2g-2)}] : 

Let Di, D2 be open disks centered at points of the 2-periodic orbit of h such 
that h{Di) = D2. Set 

V = h\j:^_,\iD,uD,y 

Taking a power of rj if necessary, we can assume that rj'^ldDi is conjugate 
to rotation through an angle of 4^34- Then there exists a parametrization 
cu: — y dDi such that u'^n'^u = R 1 . 

4g-4 

Let ~ be the smallest equivalence relation defined on \ {Di U D2) 
containing all the pairs of the form 

(x, coR -1 ijj^'^ri(x)) 

Sff-8 

for each x G dD2. Set y = uR -1 u'^rjix). Since y G dDi, ri{y) G dD2. 

8g—8 

Therefore, 

r/(?/) ~ ujR^u'\7]^{y)) = ujRiuj~\y) = ri{x). 

Sg — S 83 — 8 

From this it follows that x ~ ?/ implies that r]{x) ~ rj^y) for every x,?/ G 
\ (Di U D2). On the other hand, \ (Di U D2)/ ~ is an orientable 
closed surface of genus g. It is easy to check that rj induces an element of 
with the required properties. ■ 

Lemma 6.3 Let g be a positive even integer. Then there exists f G Tig of 
type 

[2g-2;0;{}], 

and a closed annulus A G Tig such that /|a is conjugate to the map {z,t) i— t- 

(R 1 (z).l -t) on §1 X [0,1]. 

29-2 

Proof. By Corollary 16.31 there exists h G Tg^i of type [2g — 2;0; {2}]. Let 
Di, D2 be open disks centered at points of the 2-periodic orbit of h such that 
h{Di) = D2. Now we can proceed as in Lemma [6.2[ considering S = \ 
{Di U D2), T] = h\s, "gluing" the boundary components in an appropriate 
way and taking the map induced by rj in the quotient surface. ■ 



Lemma 6.4 Let g be a positive integer even. Then there exists f G of 
type [4(yf; 0; {2,2(7}] ^^'^'^ closed annulus A dTjg such that /|^ is conjugate 
to the map {z,t) {Rj_ (z) , 1 — t) on x [0, 1]. 

Proof. Set /c = |. By Lemma 16.31 and Corollary 16.21 there exists h G 
of type [4A;; 0; {1, 1, 2A;}]. By taking an /i-invariant disk around one of the 
fixed points of h, it is easy to check that we can complete the proof as in 
Lemma 16.11 ■ 

Remark 6.5 Dropping the requirement of the existence of the invariant 
annulus A in Lemmas 16.11 16. 2[ 16.31 and 16. 4[ these results follow directly from 
Corollaries 16 . 1 1 and 16.31 Nevertheless, the existence of such an annulus will be 
fundamental for the construction of examples, as we will see in Chapter MO 



Chapter 7 

Consequences of fixed-point 
theory 

This chapter is devoted to stating some facts concerning the Lefschetz num- 
bers of homeomorphisms of surfaces. In Section 17.11 we prove a result which 
contains one of the main ideas of this thesis, that is, a relationship between 
homeomorphisms of surfaces with boundary and homeomorphisms of sur- 
faces without boundary. Some algebraic tools are described in Section 17.21 
In Section 17.31 we prove some results about sequences of Lefschetz numbers 
which will be used in Chapter [9] and [lOl Finally, Section 17.41 is devoted to 
the (tedious) study of three particular classes of homeomorphisms of closed 
surfaces which will be used in Chapter [11] 

7.1 The induced map 

We begin this section by introducing a definition which we will use frequently. 
Let / G T-ig^h and let T be an /-invariant subset of S^, consisting of k 
boundary components of Eg In S^^b we consider the equivalence relation 
where two points in T^g^ are equivalent if they are equal or they belong to 
the same boundary component in T. The quotient space is a surface of 
genus g with h — k boundary components. Since T is /-invariant, / induces 
a homeomorphism f'^ G 'Hg,b-k- In particular, we can take T to be the 
boundary of ^g,b- In this case b = k, so f induces a homeomorphism of 
which will be denoted by / and called the homeomorphism induced by f. 
The aim of this section is to prove a topological result. Proposition \7.2\ 
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which will be fundamental for (almost all) our arguments and states a re- 
lationship between the fixed points of a map /: E^^;, — > Hg^b and the index 
of the fixed points of the induced map. In this way, we will be able to ob- 
tain information on the fixed-point set of maps of surfaces with boundary by 
studying the (simpler) case of maps of surfaces without boundary. 

Lemma 7.1 Let f G T-Lg^b- Assume that there exists an f -invariant boundary 
component B ofT^g^b- Set T = {B} and consider 

the map induced by f on ^g,b~i by collapsing B to a point, q. If f\B is 
fixed-point free then Ind jt (?) = 1 ■ 

Proof. Suppose /|b is fixed-point free. Here, there exists an open set U C f, 
such that B C U and is also fixed-point free. Set V = T^g b \ B. Clearly, 
V is an open set, VUU = Sg ^ and f/ fl fl Fix(/) = 0. Hence, we can apply 
Theorem 12.71 to conclude that 

LU) = lU\u) + lU\v)- 
Since is fixed-point free, by Remark [2. 3 j I(/|t/) = 0, so 

(7.1) L(/) = I(/|v). 

Let p denote the projection from S^i, to the quotient space T,g^b-i- Then p{U) 
and p{V) are open sets contained in T,g^b-i and satisfy p{U) UpiV) = T,g^b~i, 
p{U) np{V) n Fix(7^) = 0. Thus, by Theorem [221 

(7.2) L{r) = ^{FUu)) + ^{FUv))- 

On the other hand, setting A = B in Proposition 12.101 we obtain 

L(/) + 1=L(/^)+L(/|b). 

Since /|b is fixed-point free, by Theorem 12.21 . L(/|b) = 0. By (7.11) and 17.21) 
we get 

(7.3) I(/|v) + l = I(7^Ut;)) + I(7^Uy)). 

/^From the definition of f'^ it follows that I(/"^|p(v')) = I(/|y) so, 17. 3p becomes 

^{FUu)) = 1. 

Clearly Ind rT(g) = I(/"^|p(y)), so our proof is complete. ■ 



Proposition 7.2 Let f G 'Hg,b o-nd let f: Hg — t- be the map induced by 
f . If, for some i, /* is fixed-point free, then all the fixed points of /* are 
isolated and have local index equal to 1 with respect to f\ 

Proof. Let x be a fixed point of /*. Since /* is fixed-point free, a: is a collapsed 
boundary component. Since the set of collapsed boundary components is 
finite, x is isolated. That the index is 1 follows from Lemma [7.11 ■ 



7.2 Basic algebraic tools 

The goal of this section is to present and prove some elementary algebraic 
facts concerning the map /*i induced by a map /: S — > S. The reason for 
doing this is that by ()2.3p there exists a close relationship between the map 
f^i and the sequence of Lefschetz numbers, L{f), L{f^), . . .. 

Recall that, by Proposition 12. 2[ there exists a basis such that for each 
/ G 'Hg, the matrix representing f^i is symplectic. In the following lemma 
we state a property of such matrices. The proof of the second statement is due 
to Fenchel and can be found in [35], but we include it here for convenience. 
A proof of this statement for the improper symplectic case can also be found 
in [H]. 

Lemma 7.1 Suppose M G GL2g{'L) is proper (resp. improper) symplectic 
and let P{x) = det(xld23 — M) be its characteristic polynomial. Then 

(1) det(M) = 1 (resp. det(M) = 

(2) P{x) = x2sp(l/x) (resp. P{x) = {-iyx^!^P{-l/x)). 

Proof. If M is proper symplectic then (1) holds by Proposition 12. 1[ Now, 
define Ug G GL2g(Z) as 



It is not hard to see that Ug is improper symplectic and det{Ug) = (— 1)^. 
Let M G GL2g{'L) be an improper symplectic matrix. Since UgM is proper 
symplectic, then, by Proposition 12. 11 {—iydet{Ug) = det{MUg) = 1. Hence, 
(1) holds. 

To see (2), assume that M G GL2g{'L) is proper symplectic. (The argu- 
ment where M is improper symplectic is similar.) Then, 

M'jgiXhg -M)= XM'jg - M'jgM = (AM - hgYJg 



= -A/2, [jh, -Mj J„ 

and (2) follows by taking determinants of the two extremes of the above chain 
of equalities. ■ 

We need to study the sequence of integers 

L{f),L{f),... 

which, by |2.3p . is equivalent to studying the sequence 

By Newton's equations (page [221), this infinite sequence is closely related to 
the sequence 

Si, S2, . . . , S2g. 

For this reason, in the next result, which follows directly from Proposition [2l2] 
and Lemma [7. H we state some relations satisfied by the Sj's. 

Lemma 7.2 If f E "H^ then det(/*i) = 1 and Sh = S2g-h for all h G 
{1, . . . , 2(7}. // / e -Hg then det(/,i) = (-1)^ and sh = (-l)^+S23-/x for all 
he{l,...,2g}. 

Remark 7.3 By Lemma 17.21 and Newton's equations (page [2^ . for each 
/ £ Tig, the infinite sequence L{f), L^f^), . . . is determined by the finite 
sequence L{f), L^f^), . . . , L{f^). In other words, if we are given 

L(/),L(/2),...,L(/^) 

then we can compute L(/*) for each positive integer i. Hence, if /, G Ji^ 
(resp. f,he n;) and L(f ) = L{h') for each i e {1, 2, . . . , c/} then L(f ) = 
L{h'^) for each positive integer i. □ 

The arguments to prove the next result, from which Proposition A follows 
as a corollary, are based on Nielsen [35] . 

Lemma 7.4 Let A G GLk{M.) where k > 3. If trace(A*) = 1 for i e 
{-1, 1, 2, . . . , A; - 2} then trace(A^-^) ^ 1. 



Proof. The assumptions imply that pi = 1 for i = 1,2, 
Newton's equations (page [221). 



, — 2. Then by 



1 + = 0, 

l + si + 2s2 = 0, 

1 + Si + S2 + 3S3 = 0, 

I + S1 + S2 + S3 + ... + {k- 2)sk-2 = 0, 

Pk-i + si + S2 + S3 + . . . + {k - l)sk-i = 0. 



Hence, Si = — 1, Sj = for each i G {2, 3, . . . , k—2} and {k—l)sk-.i = l—pk~i- 
Therefore, pk-i = 1 if and only if = 0. On the other hand, since the 
eigenvalues of A are the inverses of the eigenvalues of A~^, 

s^„^ = (-1)^-^ det{A) trace(A^i) = (-l)^-Met(A) ^0. 

Therefore, Pk-i 7^ 1 and the proof is complete. ■ 

To prove our main results we need to prove the existence of fixed-point 
classes of /™ with negative index, for certain m. In view of Lemma 12.91 one 
way to do this is to show that < 0. For this reason we are going to 

study some conditions on / which imply that inequality. 

Lemma 7.5 Suppose that g > 2 and that f: T,g — > is a homeomorphism 
such that, for some positive integer m, the m-th power of each of the eigen- 
values o//*i is equal to 1. Then L{f"^) < 0. 



Proof. By hypothesis, trace(/J^) = 
preserves orientation then L{f"^) = 
reverses orientation then L{f^) = — 



= 2(7. Then, by (Q, if r 
2 - trace(/,"^) = 2 - 2^ < and if 
trace(/-) = -2g < 0. ■ 



7.3 Sequences of Lefschetz numbers I 



The results of this section, as well as the ones of the next, are consequences 
of (|2.3I) . Newton's equations (page|22]) and Lemma [721 



Lemma 7.1 Let f E "H^ be such that L{f^) = 1 for each i E {1,2, . . . , g} . 
Then L{f'J+^) = -g. 



Proof. By the assumptions and f2.3p . Pi = I for each i E {1, 2, ... , g}, and, 
by Newton's equations (N.l), (N.2) fpage[22l). . . ., (N.g), si = -1 and Si = 
for each i E {2,3, .. . ,g}. By Lemma E2l Sg+i = si = —1. Hence, we can 
replace all these values in Newton's equation (N.(g+1)) (page [22]) to obtain 
Pg+i = g + 2. Thus, by fZJ]), Hf^^^) =2- pg+i = -g, as desired. ■ 

Lemma 7.2 If g > 2 then there does not exist f E T-C^ such that L{f^) > 4 
for each i E {1,2, . . . ,2g} . 

Proof. Assume that there does exist such an /. By 12. Sp . pi = 2 — < — 1, 
for each i E {1, 2, 2(7}. We claim that Sj > 1 for each z E {1,2, . . . ,2g}. 
We prove this claim by induction. By Newton's equation (IN.ip (page [22]). 
Si = —pi > 1. Hence, the claim holds for i = 1. Now, assume j < 2g is 
such that Si > 1 for each i E {1, 2, ... ,j — 1}. Observe that PiSj^i < — 1 
for each i E {1,2, — 1}. By Newton's equations (page [221). 

-jSj = PiSj^i + P2Sj-2 + ...+ Pj^lSi + Pj < -j, 

so the claim holds for j and we are done. In particular, we have proved that 
S2g > 1. On the other hand, by Lemma [721 = det(/*i) = 1, which is 
impossible. ■ 

Lemma 7.3 If g > 2 then there does not exist f E 'Hg such that Llf"^^) > 4 
and L{f^'~^) = for each i E {1,2,...,^}. 

Proof. Assume that there does exist such an /. Let i E {1, 2, ... , 2g}. By 

(7.4) P2i = 2- L{f^') < -2 and ps.-i = -L{f^'-') = 0. 

We claim that Sj > 1 if i is even and Sj = if i is odd. We prove this 
claim by induction. By Newton's equation (IN.ip (page 122]), si = —pi = 0. 
Hence, the claim holds for i = 1. Now, assume j < 2g is such that the 
inductive hypothesis holds for each i E {1, 2, ... ,j — 1}. Suppose that j is 
even. Observe that by the inductive hypothesis and fl7.4p . PiSj-i < —2 for 
each even i E {1, 2, ... ,j — 1}. By Newton's equations (page 122]) and |7.4I) 

-jSj = PlSj-i + P2Sj-2 + ...+ Pj-lSi + Pj < -j. 



so the claim holds in this case. If j is odd, for each i e {1, 2, . . . , j}, PiSj^i = 
because, by the inductive hypothesis and (|7.4I) . either = or sj-i = 0. 
Hence, 

-jSj = PlSj-l + P2Sj-2 + • • • + Pj-lSl + Pj = 0, 

SO the claim is proved. In particular, we have proved that S2g > 1. On the 
other hand, by Lemma UTH S2g = det(/=Ki) = (—1)^, which is impossible. ■ 



7.4 Sequences of Lefschetz numbers II 

In Section [11] we will need to prove the existence of fixed-point classes of 
negative index for pseudo-Anosov maps in standard form. As we will see, 
the pseudo-Anosov maps with more than two orbits of singularities can be 
"controlled" with the help of the Euler-Poincare Formula ( 13. 2p . Some of 
the homeomorphisms with one or two orbits of singularities do not offer 
many difficulties and can be studied by using the Euler-Poincare Formula 
or Lemma 17.51 However, there are some particular cases of pseudo-Anosov 
homeomorphisms with one or two orbits of singularities which need special 
treatment. The results of this section will allow us to deal with these cases. 



7.4.1 The orientation-preserving case 

We start with two technical lemmas. The first one will be used to prove the 
second one which, in turn, will be used in the proof of Proposition 17.31 

Lemma 7.1 Let A G GLkC^) be such that, for some positive integer n and 
some non-negative integer j , the coefficients Si of the characteristic polyno- 
mial of A satisfy 

( -2 if i =„ 1, 
Si = <1 if i=nO, 2, 
1 otherwise, 

for non-negative i such that i < nj . Then, for each positive integer t such 
that nj+t<k 

i-i 3 3 

Pnj+t + "^^Pnh+t — 2 y~^Pnfa+t-l + '''^Pnh+t-2 

h=0 h=l h=l 



t-1 

+ Snj+hPt-h + {nj + t)Snj+t = 0. 

h=l 

Proof. Since nj + t < k, the result follows directly from Newton's equation 
N.(nj+t) (page [221) 

(7.5) Pnj+t + SlPnj+t-1 + S2Pnj+t-2 + ■ ■ ■ + {nj + t)Snj+t = 0, 

by replacing the ShS by their values for h E {1,2, ... , nj} and grouping the 
PhS for h E {t,t + 1, ... ,nj + t — 1} according to the value of h modulo n. ■ 

Lemma 7.2 Let g > 2, let f E , let v, n and i he positive integers such 
that V <2g and > 3. If for each i < v 

if n divides i, 
otherwise, 



if i =n 1, 
if i =n 0, 2, 
otherwise. 

Consequently, if j,t are positive integers such that nj < v and nj + t < 2g 
then 

i-i i 3 

h=Q h=l h=l 

t-1 

+ ^ Snj+hPt-h + {nj + t)Snj+t = 0. 
h=l 

Proof. Assume that we have proved the first statement of the lemma. Then 
the second one follows immediately by Lemma 17. 1[ So, let us prove the 
formula for the s^'s. 
By IZD, 

_ J 2 — n if n divides i, 
^* \2 otherwise, 



L{f') = { 
then, for each i < v 




for i < V. We shall proceed by induction. By Newton's equation fN.ip (page 
|22|) . the equality holds for i = 1. Consider now 1 < i < v — 1 and suppose 
that the statement holds for si,S2, - ■ ■ , Si. Let j and r be the non-negative 
integers such that i = nj+r and < r < n. Recall that a matrix representing 
/*! has size 2g x 2g and observe that 2<i + l = nj+r + l<v< 2g. By 
the induction hypothesis and Lemma [7. II with t = p + 1, 

i-i j j 

Pi+l + ^ ^ Pnh+r+l ~ 2 ^ ^ Pnh+r + ^ ] Pnh+r-1 
h=0 h=l h=l 

(7.6) + + Snj+2Pr~l H h Snj+rPl + {i + = 

Considering separately the four cases, r = 0, 1, n — 1 and r ^ {0, 1, n — 1}, 
we show that the values of the p;'s for / G {1, 2, . . . , i + 1} and s;'s for 
/ e {nj + l,nj + 2, . . . ,nj + r} can be replaced to find Sj+i. Indeed, if r = 0, 
then |7.6I) can be written as 

2 + 2j - 2(2 - n)j + 2j + (-2)(2 - n) + 1.2 + + ■ ■ ■ + (nj + = 0, 

which gives Sj+i = —2. 
If r = 1 then (|7.6p gives 

2 + 2j- 4j + (2 - n)j - 4 + (nj + 2)s,+i = 0, 

so Si+i = 1. 

If r = n — 1 then (|7.6p becomes 

2- n + {2- n)j -2-2j + 2j -2-2 + 2 + {nj + n)si+i = 0, 

and hence, Sj+i = 1. 

Finally, suppose that r ^ {0,l,n — 1}. Then, by (|7.6I) . 

2 + 2j - 4j + 2j - 2 ■ 2 + 2 + (z + = 0, 

which gives Sj+i = 0. ■ 

The following result will be used to prove Proposition 111.21 

Proposition 7.3 Let g > 2 and let f G 'H^ satisfy the following condi- 
tions: 



(1) 1,2,^7 + l^Per(/). 

(2) There exists a positive integer n such that Per(/) fl {3, 4, . . . , (7} = {n}. 
Moreover, there is only one periodic orbit of period n and each of its 
points has index 1 for f^"' for each positive integer h such that hn < g. 

Then either there exists m such that 1 < m < 3g — 3 and L{f^) < 0, or 
there exists I G Per(/) such that g + 2 < I < ^(g — 1) 

Proof. Here there are only finitely many periodic points of / of period less 
than or equal to 2g, so they are isolated. Therefore, by Lemma \2.7\ if 1 < 
i < 2g, then the Lefschetz number of is the sum of the local indices of its 
fixed points, so, for each i < g + I, 

L(^f^^ — I ^ ^ divides i, 
1 otherwise. 



Consequently, by (|2.3p . 

. , _ J 2 — n if divides 

I 2 otherwise, 

for i < g + 1. 

Let r, j be the non-negative integers such that g = nj + r and < r < 
n — 1. We claim that r ^ {0,2}. Since n > 3, by Lemmas 17.21 and 17.21 
if r = 0, — 2 = Sg+i = Sg-i G {0, 1}, which is a contradiction. Similarly, if 
r = 2 then —2 = = s^+i G {0, 1}. This completes the proof of the claim. 
Now we split the proof into two cases. 



Case 1. r = 1. 



By Lemmas 17.21 and |7.2[ 

P(x) = (x- + + . . . + + 1) = -(x - 1?. 

x^ — I 

Then (x" - l)P(x) = (x2"-'+" - l)(x - l)^. Hence, if A ^ 1 is a root of P{x) 
then = (A" - l)P(A) = (A2"-'+" - 1)(A - 1)^. Therefore the {2nj + n)-th 
power of the roots of P{x) are 1. Since these roots are the eigenvalues of 
Lemma 17751 completes the proof of this case because 2nj+n < 2g — 2 + g — l < 
3g-3. 



Case 2. r > 3. 



We start by showing by induction on t that if r + 1 < t < min{n, 2r — 2} 
then Pnj+t = 2. Since nj + r + 1 = g + 1 and 0<r + l<t<n, n 
does not divide g + I, so, by (17.71) . the result holds for t = r + 1. Now fix 
r + 1 < t < min{n, 2r — 2} and assume that Pnj+s = 2 for every r + 1 < s < t. 

Recall that a matrix representing f^i has size 2g x 2g and observe that 
l<nj + t<nj + n< 2g. Then, by Lemma UTH (taking v a.s g + 1), 

i-i j j 

Pnj+t + '^^Pnh+t — 2 Pnh+t-1 + Pnh+t-2 
h=0 h=l h=l 

t-1 

(7.8) + ^ Snj+hPt-h + {nj + t)Snj+t = 0. 

h=l 

Since 4 < r + 1 < t < ra, t - 2, t - 1, t ^„ 0. By Lemmas O and ESI 
= —2, s„j_|_2 = 1 and Snj+s = if < s < t. Further, our induction 
hypothesis implies that Pnj+s = 2ifr + l<s<t. Now, substituting in (7.8p 
these values and the ones given by f7.7p . we obtain 

(7.9) Pnj+t + 2j - 4j + 2j - 2 ■ 2 + 2 + {nj + t)snj+t = 0. 

Since r + 1 < t < 2r — 2, we have 2 < 2r — t < r. Therefore, by Lemmas 17.21 
andOl Snj+t = S2g-(nj+t) = Snj+2r-t = 0. Heuce, IZS]) gives Pnj+t = 2. This 
completes the induction step. Now we divide the proof of this case into three 
subcases. 

Subcase 2.1. 2r - 2 > n. 

By Lemma [7. 2[ 

j-i i j 

Pnj+n + ^ ] Pnh+n ^ 2 '^^Pnh+n-l + ^ ] Pnfe+n-2 
h=0 h=l h=l 

n-1 



+ Snj+hPn-h + {nj + n)Snj+n = 0. 



h=l 



We have proved that Pnj+s = 2 for r + 1 < n — 1. Therefore, 

Pnj+n + (2 - n)j - 4j + 2j - 2 • 2 + 2 + {nj + n)snj+n = 0. 



Observe that 2 < 2r—n < 2n—n = n, so, by Lemma 17^ Snj+n = S2g-(nj+n) = 
Snj+2r-n = 0. Heiice Pnj+n = 2 + uj . By (j2l3|) . = -nj < 0. Since 

nj+n<(7 — 3 + (7 — 3< 3(7 — 3 the desired conclusion holds in this case. 

Subcase 2.2. 2r - 2 = n. 

By Lemmas 17.21 and |7.2[ 

„2nj+2n i 

P(x) = {x- + x^-J + . . . + + 1) = -—-^ — ^{x - 1)2. 

Observe that 2nj + 2n < 2g — 6 + g — 3 < 3g — 3. Since, as above, we can see 
that the 2{nj + n)-th powers of the eigenvalues of /*i are 1, from Lemma [775] 
we can deduce that L{p"'^^'^"-) < 0. Taking m = 2nj + 2n, we can complete 
the proof. 

Subcase 2.3. 2r - 2 < n. 

By Lemma [7.21 (taking v = g + 1), 

j-i j 3 

Pnj+2r-2 + Pnh+2r--2 — 2 p„/i+2r-3 + ^^Pnh+2r-4 
h=0 h=l h=l 

2r-3 

+ X] Snj+hP2r~2~h + {nj + 2r - 2)Snj+2r-2 = 0. 
h=l 

Since 2<2r — 4<2r — 3<2r — 2<n, Pnh+2r-3 = Pnh+2r-4: = 2 if < /i < j 
and Pnh+2r-2 = 2 if < /i < j. Further, Snj+i = —2 and Snj+2 = 1- Hence, 

Pnj+2r~2 + 2j - 4j + 2j - 4 + 2 + (nj + 2r - 2)1 = 0. 

Sop„j+2r-2 = 2-(nj+2r-2) and L(/"J+2^-2) = nj+2r-2 ^ 0. This assures 
the existence of a periodic orbit whose period divides I = nj + 2r — 2. Since 
n+4 < ?T,j + 2r — 2 < nj + n, n does not divide nj + 2r — 2, so the period of the 
orbit is nj + 2r — 2. Now observe that r > 3, so nj + 2r — 2 > g + 1. Moreover, 
there are no periodic orbits of period g + 1. Therefore, nj + 2r — 2> g + 2. 
Since j > 1, 

3{nj + 2r-2) = 3nj + 3r + 2r-2 + r- A<3g + g- r + r-A = Ag-A. 



Thus, taking I as nj + 2r — 2 the desired conclusion holds for this subcase. ■ 



7.4.2 The orientation-reversing case 



The following four lemmas show results analogous to Lemmas 17.11 17.21 and 
Proposition 17.31 for the orientation-reversing case. Since, by Lemma 17.21 
the equation relating the values of the Sj's corresponding to an orientation- 
reversing map of Hg depends on the parity of g, the analogue of Proposi- 
tion 17.31 for the orientation-reversing case, splits into two results. Proposi- 
tions [72] and [721 The proof of the following lemma is analogous of the proof 
of Lemma 17. 1[ 



Lemma 7.4 Let A G GLk{'L) he such that, for some positive integer n and 
some non-negative integer j , the coefficients Si of the characteristic polyno- 
mial of A satisfy, 

r 1 if i =n 0, 
Si = < -1 if i =n 2, 
1 otherwise, 

for i < nj . Then, for each positive integer t such that nj + t < k, 
i-i j t-i 

Pnj+t + Pnh+t - ^Pnh+t-2 + ^ Snj+hPt-h + {nj + t)Snj+t = 0. 
h=0 h=l h=l 



Lemma 7.5 Let g > 2 and let f G "Hg ■ If there exist positive integers n and 
V such that n is even, n > 3 and v <2g such that, for every i < v. 



L{f' 

then, for i < v. 



n if n divides i, 
otherwise. 



-1 if i =n 2, 
1 if i=n 0, 
otherwise. 

Consequently, if j,t are positive integers such that nj < v and nj + t < 2g 
then 

i-i 3 t-i 

Pnj+t + Pnh+t - Pnh+t-2 + ^ Snj+hPt^h + {nj + t)Snj+t = 0. 
h=0 h=l h=l 



Proof. Assume that we have proved the first statement of the lemma. Then, 
the second one follows by Lemma 17.41 Now, let us prove the formula for the 

Si's. 

By a, 

{2 — n ii n divides i, 
if z is odd, 
2 otherwise, 

for i < V. 

Now we proceed by induction. By Newton's equation (IN. II) (page l22l) . 
(17.1 op holds for i = 1. Consider now 1 < i < v — 1 and suppose that the 
statement holds for si, S2, ■ ■ ■ , Sj. Let j and r by the non-negative integers 
such that i = nj + r and < r < ra. Recall that a matrix representing /^.i 
has size 2g x 2g and observe that 2<i + l=nj + r + l<v< 2g. By the 
induction hypothesis and Lemma 17. 4| 

j-i j 

(7.11) P^+l + 

Pnh+r+l ~ / Pnh+r-1 
h=0 h=l 

r 

+ Y Snj+hPt-h + l)Si+i = 0. 

h=l 

Since n is even, if r is even, then nj + r — 1 and nj + r + 1 are odd for 
every positive integer j. Therefore, all the terms of the above sum except 
{i + l)sj+i are equal to 0. So, Sj+i = 0. So we can assume that r is odd. 
Considering separately the three cases, r = 1,72—1 and r ^ {l,n — 1}, 
we show that the values of the p^'s for / G {1, 2, . . . , i + 1} and s/'s for 
I e {nj + l,nj + 2, . . . , nj + r} can be replaced to find Sj+i. Indeed, if r = 1, 
then (|7.11l) can be written as 

Pi+i + 2j -j{2-n) + {nj + 2)s,+i = 0, 

which gives Sj+i = — 1. 

If r = n — 1 then (|7.1ip gives 

p,+i +j{2-n)-2j + 2 + {nj + l)s,+i = 0, 

so, Sj+i = 1. Finally, if r is odd and different from 1 and n — 1, by (|7.1ip . 

2 + 2j - 2j - 2 + (z + l)si+i = 0, 



which gives Sj+i = 0. 



The following proposition will be used in the proof of Proposition 111.31 



Proposition 7.6 Let g be a positive even integer such that g > Q, and let 
f G y,' satisfying the following conditions: 

(1) Per(/) n {1, 2, 3, 4, 5, + 1, (7 + 2} = 0. 

(2) There exists an even positive integern such that Per(/)n{6, 7, . . . , (7} = 
{ra}. Moreover, there is only one orbit of period n and each of its points 
has index 1 for f^^ for each positive integer h such that hn < g. 

Then there exists a positive integer m such that m < 2g — 6 and L{f"^) < 0. 
Proof. By the same arguments as in the proof of Proposition 17.31 we find 

Lff^) — I ^ ^ divides i, 
1 otherwise. 

Consequently, by (|2.3p . 

{2 — n ii n divides i, 
if z is odd, 
2 otherwise, 

for i < g + 2. 

Let r, j be the non-negative integers such that g = nj + r and < r < 
n — 1. Since n < g, j > 1. Observe that since n and g are even so is r. In 
particular, r ^ {1,3}. We split the proof into three cases. 

Case 1. r = 0. 



Here, g = nj. Since g + 2 < 2g, by Lemma [7.51 

j-i j 1 

Pg+2 + ^Pnh+2 -'^Pnh + '^ Snj+hP2~h + (g + 2)Sg+2 = 0. 



h=0 h=l h=l 



By f l7.12p . pg+2 + nj + {g + 2) 5^+2 = 0. By Lemmas [7[2] and [731 Sg+2 = 
S2g-{g+2) = Sg-2 = Sn{j-i)+n-2 = bccausc 2 < u — 2 < u. Therefore, 
Pg+2 = —nj = —g and, by f2.3l) . L{f^^'^) = g + 2. This implies the existence 
of an orbit whose period divides g + 2 = nj + 2. But this contradicts our 
hypothesis because the only orbit of period at most g + 2is the orbit of period 
n and since n > 2, n does not divide g + 2. 



Case 2. r = 2. 



By Lemma [7.5[ 

i-i j 3 

Pg+2 + y^^Pnh+i - + ^ Snj+hPi-h + (,9 + 2)Sg+2 = 0. 

h=0 h=l h=l 

Since n > 4 is even, Pnh+i = 2 for /i G {0, 1, ... ,j — 1} and Pnh+2 = 2 for 
G {0, 1, . . . By Lemma 1731 s^, = Smj+2 = —1- Then 

P9+2 + 2j - 2j - 2 + ((? + 2)sg+2 = 0. 

By Lemmas O and [731 Sg+2 = S2g-{g+2) = Sg-2 = Snj = 1. So, Pg+2 = -g 
and L{f^^'^) = g + 2. Since g + 2 = nj + A and ^ > 6, by an argument 
analogous to that of the previous case, we obtain a contradiction. 

Case 3. r > 2. 

We will show by induction on t that if r + 1 < t < min{n, 2r — 2} then 

2 if t is even, 
if t is odd. 



(7.13) Pnj+t 



Since nj + r+1 = g + 1 < g + 2 and 4 < r + 1 < t < n, n does not divide (7 + 1 , 
by |7.12p . the first step of the induction. Now fix r + 1 < t < min{n, 2r — 2} 
and assume that |7.13p holds for every r + 1 < s < t. Observe that nj + t < 
nj + n < 2g. Then, by Lemma [7. 5[ (taking v = g), 

i-i j t-i 

Pnj+t + ^Pnh+t - ^Pnh+t-2 + ^ Snj+hPt-h + {nj + t)Snj+t = 0. 
h=0 h=l h=l 

Since n is even, if t is odd all the terms of the form Snj+hPt-h for h G 
{1, 2, . . . , t — 1} are equal to 0, because Snj+h = for each h G {1,3, — 1} 
and pt-2 = 0. By Lemma I7.2[ Snj+t = S2g~{nj+t) = Sg+2r-t = because 
2 < 2r — t < 2r — {r + 1) < n. Thus Pnj+t = 0. Assume now that t is even. 
Since 4<r+l<t<nwe have t — 2,t ^„ 0. By Lemmas 17.51 and 17.21 
Snj+2 = —1 and Snj+i = if / G {1, 3, 4 . . . , t — 1}. Then, substituting these 
values in the above equation, and using |7.12p and the induction hypothesis, 
we obtain 

Pnj+t + 2j - 2j - 2 + Snj+tinj +t) =0. 

Since 2 < 2r - 1 < n, by Lemma Ol Snj+t = S2g~{nj+t) = Snj+2r-t = 0. So, 
Pnj+t = 2 as desired. Now we split the proof of this case into two subcases. 



Subcase 3.1. 2r - 2 > n. 
By Lemma [7.51 

j-l j n-l 

h=0 h=l h=l 

Since n > 3, Pnh+n~2 = 2 and Pnh+n = 2 — n for < /i < j. Further, we have 
proved that Pnj+n-2 = 2. So, by (|7.12p . 

p„j+„ + (2 - n)j - 2j - 2 + (nj + n)snj+n = 0. 

Since 2 < 2r - n < by Lemma ESI Snj+n = S2g-{„j+„) = Snj+2r-n e 
{0, -1}. So, Pnj+n e{2 + nj, 2 + 2nj + n}. In all cases, < which 

completes this subcase because nj + n < 2g — 2r < 2g — 6. 

Subcase 3.2. 2r - 2 < n. 

By Lemma [731 

i-i j 

Pnj+2r-2 + Pnh+2r-2 ~ Pnh+2T-A 
h=0 h=l 

2r-3 

+ X] Snj+hP2r-2-h + + 2r - 2)Snj+2r-2 = 0. 

By Lemmas 17.51 and 17.2^ Snj+i = if / G {1, 3, . . . , 2r — 3}. Since r > 3, 
2 < 2r-4 < 2r-2 < n. Thus, p„fe+2r-2 = Pnh+2r-i = 2 if /i G {0, 1, . . • , j-l}. 
Also, p„j+2r-4 = 2. Further, s„j+2 = —1. Hence 

Pnj+2r-2 + 2j - 2j - 2 + {uj + 2r - 2)s„j+2r+2 = 0. 

By Lemmas O and [731 'S„j+2r-2 = S2c,_(nj+2r-2) = Snj+2 = -1- So, 
Pn,+2r-2 = 2 + + 2r - 2. By 1^^, L{n+^^-^) = -{nj + 2r - 2) < 0. 
Since nj + 2r — 2<g — r + n<g — r + g — r<2g — 6,we are done. ■ 

The following result will be used in the proof of Proposition 111.21 

Proposition 7.7 Let g be a positive odd integer such that g > 3 and let 
f G T-Lq satisfy the following conditions: 



(1) l,2^Per(/). 

(2) There exists an even positive integer n such that Per(/)n{3, A, . . . , g} = 
{n}. Moreover, there is only one orbit of period n and each of its points 
has index 1 for for each positive integer h such that hn < g. 

Then either there exists m such that 1 < m < "ig — ?> and L{f^) < 0, or 
there exists I G Per(/) such that g + 1 < I < ^^j^- 

Proof. Using the same arguments as in the proof of Proposition 17.31 we find 



J ( ri\ _ jn if n divides 
\0 otherwise, 

for i < g. Consequently, by (j2.3p . 

{2 — n if n divides i, 
if z is odd, 
2 otherwise, 

for i < g. 

Let r, j be the non-negative integers such that g = nj + r and < r < 
n — 1. Since n < g, j > 1. Observe that n is even and g is odd, so r must be 
odd. In particular, r ^ {0,2}. We split the proof into three cases. 

Case 1. r = 1. 

By Lemmas 17.51 and 17.21 

P{x) = {x^ - + + . . . + a;« + 1) = _ i)\ 

As in the proof of Proposition 17.31 we can see that this implies that the 
{2nj + n)-th power of each of the eigenvalues of /*i is 1 and since 2nj + n < 
2g ~ 2 + g — 1 = 3g — 3, we are done. 

Case 2. r > 3. 

By an argument analogous to that of the Case r > 3 of the proof of Proposi- 
tion [7[6] (doing the first step of the induction with r instead of r -|- 1) we can 
show by induction on t that if r < t < min{n, 2r — 2} then 

, . _ J 2 if t is even, 

Pni+t- I Q if Us odd. 

Now we split the proof of this case into three subcases. 



Subcase 2.1. 2r — 2 = n. 



By Lemmas 17.51 and |7.2[ 

™2njr+2n i 

P{x) = {x^ - l)(a;2"^'+" + a;"^'-''-^) + . . . + + 1) = _ i " 

As in the proof of Proposition 17. 3[ we can see that this imphes that the 
{2nj + 2n)-th power of each eigenvalue of f^:i is 1. Since 2nj + 2n = 2g — 
2r + n + n<2g — 2 + g — 3 = 3g — 5<3g — 3,we are done. 

Subcase 2.2. 2r - 2 > n. 

Using the same arguments as in the Case 2r — 2 > n of the proof of Proposi- 
tion [7]6] we can prove that Pnj+n + (2 — n)j — 2j — 2 + {nj + n)Snj+n = 0. It 
follows from Lemma W72\ that Snj+n = —S2g~{nj+n) = ~Snj+2r-n = because 
2 < 2r - n < n. Thus Pnj+n = 2 + nj, so /.(/"•''+"') = -nj < 0. Since 
nj + n < 2g — 6 < 3g — 3, we are done. 

Subcase 2.3. 2r - 2 < n. 

By an argument analogous to that for the Case 2r — 2 < n of the proof of 
Lemma 17. 3[ we obtain 

Pnj +2r~2 + 2j - 2j - 2 + (nj + 2r - 2)s„j+2r+2 = 0. 

By Lemmas O and Ol s„j+2r-2 = -S2g-{nj+2r-2) = -Snj+2 = 1, so 
Pnj+2r-2 = 2 - {nj + 2r - 2). By (Q, = + 2r - 2. As 

in Case 2r — 2 < of the proof Proposition 17.31 this assures the existence of 
a periodic orbit of period l = nj + 2r — 2>g + l such that 31 < Ag — 4. 



Chapter 8 



Consequences of the 
Thurston-Nielsen theory 

This chapter is devoted to studying some results about homeomorphisms in 
Thurston canonical form and in standard form. In Section [HH] we state some 
properties of pseudo-Anosov maps. In Section 18.21 we determine sufficient 
conditions for the existence of fixed-point classes of negative index of iter- 
ates of pseudo-Anosov maps and reducible maps in standard form, and, in 
Section 18. 3[ we study finite-order maps and reducible maps. 

8.1 Properties of pseudo-Anosov maps 

The following lemmas are consequences of the Euler-Poincare Formula |3.2p . 
and they will be used in Chapter [TTl 

Lemma 8.1 If there exists a pseudo-Anosov map f: So,6 — ?■ Sq,;, thenb > 4. 

Proof. Suppose / exists. Let b be the number of one-pronged boundary 
components of the foliation on Eq,;,. Let B' be a boundary component from 
which emanates more than one prong and pb' denote the number of such 
prongs. Then by Remark [3^ J2s€Smg{B') ~ ~Pb' < —2. Since there are b — b 
such components, by the Euler-Poincare Formula (j3.2p . 

2(2 - 6) = 2x(So,6) = Yl (2 -P.) 

sGSing(S) 
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< J2 C^-Ps) < -b~2{b-b) =b-2b. 

seSmg(a(S)) 

Thus 4 < 6 and, since b < b, the result follows. ■ 

Lemma 8.2 Let g 1 and let /: — > be a pseudo-Anosov map. If k 
is the number of f- orbits of singularities of the foliation on then k > 1. 

Proof. U k = then the foliation has no singularities. Hence, by the Euler- 
Poincare Formula (|3.2I) . g = 1, which is impossible. ■ 

8.2 Fixed-point classes of iterates of maps in 
standard form 

This section is devoted to stating some conditions which ensure the existence 
of fixed-point classes of negative index for iterates of pseudo-Anosov maps 
and reducible maps in standard form. Most of these results are consequences 
of the characterization of fixed-point classes given in Chapter HI mainly in 
Proposition 14.41 

Lemma 8.1 Letp andn be positive integers and let f: Hg — > Hg be a pseudo- 
Anosov map in standard form. If x is a p-pronged periodic point of period n 
then the following holds. 

(1) If f preserves orientation then Indjpn(x) = l—p. 

(2) If f reverses orientation and n is odd then Indj2n(x) = 1 — p. 

(3) If X is a regular point then Ind/2n(x) = 1 — 2 = — 1. 

Proof. Observe that a; is a fixed point of /". Moreover, /" is orientation- 
reversing if and only if / is orientation-reversing and n is odd. Suppose first 
that / preserves orientation. By Proposition 14.11 x is of type (p, 0)"'" for /"^ 
and, by Proposition 14.21 Ind/np(x) = 1 — p. On the other hand, if / reverses 
orientation and n is odd, by Proposition 14. H x is of type (p, 0)"*" for /^". 
Hence, as before, Indj2n(x) = 1 — p. Finally, the third statement follows 
from the first two. ■ 

Proposition 8.2 Let f: S — > S he an orientation-preserving homeomor- 
phism in standard form. Assume that f has a pseudo-Anosov component with 



either an interior fixed point or an invariant boundary component. Moreover, 
suppose that every prong emanating from the fixed point or invariant bound- 
ary component is fixed under the action of f . Then f has a fixed-point class 
of negative index. 

Proof. By Proposition \A.2\ an interior fixed point x of a pseudo-Anosov com- 
ponent is a fixed-point class. Moreover, if p is the number of prongs emanat- 
ing from X, then x is of type (p, 0)"^ because, by hypothesis, all the prongs 
emanating from x remain fixed under the action of /. By Proposition 14.2^ 
the index of x is 1 — p. Since p > 2, this index is negative. 

Now suppose that / has an invariant boundary component B such that all 
prongs remain fixed under the action of /. By Remark 14. 3[ /|s is a rotation 
which implies that f\B = Id. Therefore, B is contained in a fixed-point class 
C. This class C must be as in Proposition I4.4( C.2). (C.3) or (F). In each 
of the three cases, Ind/(C) < —p < 0, where p is the number of prongs 
emanating from B. ■ 

Lemma 8.3 Let m and g be positive integers such that g > 2, and let 
/: Eg — > T,g be a pseudo-Anosov map in standard form. 

(1) If there exists x G such that x is an isolated fixed point of f"^, m 
is even if f is orientation-reversing, and Ind/m(a;) 7^ 1, then has a 
fixed-point class of negative index. 

(2) If L{f"^) < then has a fixed-point class of negative index. 

(3) If there exists a singularity x such that f"^{x) = x and each prong 
emanating from x remains fixed under the action of /™, then /™ has 
a fixed-point class of negative index. 

(4) If there exists a p-pronged singularity x of period n, n is even if f 
reverses orientation, and m = np, then has a fixed-point class of 
negative index. 

(5) If m is even, m/2 is odd, f is orientation-reversing and there exists a 
singularity of period m/2, then f^ has a fixed-point class of negative 
index. 

(6) If m is even and there exists a regular point of period m/2 then f"^ has 
a fixed-point class of negative index. 

Proof. Observe that by Proposition l4.2[ isolated fixed points of pseudo-Anosov 
maps on closed surfaces are fixed-point classes. Therefore, it suffices to show 
that, in each case, has a fixed point of negative index. 



Suppose that the hypotheses of (1) hold. Let us denote by p the number of 
prongs emanating from x. By Proposition 14. 2[ if m is even or / is orientation- 
preserving, Ind/m(x) G {1, 1 — p}. Since p > 2 and Ind/m(x) 7^ 1 we have 
that Ind/m(a;) = l—p < —1. 

If the hj^othesis of (2) holds, then the conclusion follows from Theo- 
rem [2l9l 

The statement (3) is a consequence of Proposition 18.21 and the statements 
(4), (5) and (6) are consequences of Lemma [HTTl ■ 

Lemma 8.4 Let g > 2, let f E T-ig he a pseudo-Anosov map in standard 
form, and let k be the number of f -orbits of singularities of the foliation on 

(1) If k > 3 then there exists a positive integer m such that m < Ag — 4 
and Z™" has a fixed-point class of negative index. 

(2) If k = 2, ni < n2 and P2 > 4 where ni, n2 are the periods of the orbits 
of singularities and p2 is the number of prongs emanating from each 
point in the orbit of period 77-2 then there exists a positive integer m 
such that m < Ag — A and f^ has a fixed-point class of negative index. 

Proof. Let us denote by Oi, O2, . . . , be the /-orbits of singularities. For 
each i G {1, 2, ... , /c}, let rii be the period of Oj, and let pi be the number 
of prongs emanating from each element of Oj. Hence, we may write the 
Euler-Poincare Formula 1(3. 2p in the form, 

k 

Y,nr{P;-2) = A{g-l). 

i=l 

Assume that /c > 3. Since pi > 3, for each i, 

k k 

(8.1) E ^ E ^^(P* - 2) = 4(^7 - 1). 

i=l i=l 

Let io G {1, 2, . . . , A;} be such that Ui^Pi^ = mini<j<fc{njPj}. Then, 

k k 

^riigPio < ^niPi = A{g - 1) + 2^ni < 12{g - 1), 
1=1 j=i 



i.e., Ui^pig < 4:{g — 1). If is even or / is orientation-preserving then 
Lemma 18.3( 4) holds for m = rii^pig. If rii^ is odd and / is orientation- 
reversing then Lemma [8.3( 5) holds for m = 2nj(,. Hence, (1) is proved. 
Let us prove (2). By IpT]) . 

nipi < ni{pi - 2) + 2n2 < ni{pi - 2) + ^2(^2 - 2) = 4(^ - 1). 

As in the preceding paragraph, this gives a proof of (2). ■ 

Lemma 8.5 Let m, n, p, g be positive integers such that n > 2 and g > 2, 
and let f G Jig be a reducible map in standard form. 

(1) Suppose there exist a pseudo-Anosov f -component C and a p-pronged 
boundary component B of C such that, f '"'{B) = B, pn = m, and n is 
even or f is orientation-preserving. Then has a fixed-point class of 
negative index. 

(2) Suppose there exist a pseudo-Anosov f -component C , and a boundary 
component B of C such that f^{B) = B, n is odd, 2n = m, and f 
is orientation-reversing. Then /"^ has a fixed-point class of negative 
index. 

(3) Suppose there exist a pseudo-Anosov f -component C, and x G Int(C), 
such that f^{x) = x, n is odd, 2n = m, and f is orientation-reversing . 
Then f^ has a fixed-point class of negative index. 

(4) Suppose there exist a pseudo-Anosov f -component C , and a p-pronged 
boundary singularity x G C such that, /"(x) = x, pn = m, and n is 
even or f is orientation-preserving . Then /"^ has a fixed-point class of 
negative index. 

(5) Suppose there exists a finite-order f -component C such that /™|c = 
Idc- Then f"^ has a fixed-point class of negative index. 

Proof. The statements (1), (2), (3) and (4) are consequences of Lemma [8.21 
and Proposition 14.11 

If there exists a finite-order component C such that f"^\c = Idc then 
C is included in a fixed-point class C of f"^. Recall that by definition, a 
component of a reducible map has negative Euler characteristic. Then, by 
Proposition l4.4f F). Ind/m(C) < x{C) < 0. Hence, (5) is proved. ■ 

Remark 8.6 Despite the title of this section, these results (and their con- 
sequences) hold for maps in Thurston canonical form. Indeed, observe that 



if we have a fixed point, or an invariant boundary component, of a pseudo- 
Anosov map in Thurston canonical form /: E — > S, we can define type in 
the same way as we did for maps in standard form: A p-pronged fixed point 
or a p-pronged invariant boundary component will be of type {p, k)~^ (resp. 
(p, k)~) if / preserves (resp. reverses) orientation and / acts as the map r J ^-^ 
(resp. i^(j,ky) on the prongs emanating from it. By Lemma [4. ![ there exists a 
pseudo-Anosov homeomorphism g: S — y S in standard form isotopic to /. 
The isotopy between these two maps preserves the types of fixed points and 
invariant boundary components. Since, by Lemma [2.81 indices of fixed-point 
classes are preserved under isotopy, the index of a fixed point, or of an in- 
variant boundary component, of any pseudo-Anosov map can be calculated 
as a function of its type according to Tables 14.11 and 14.21 However, the more 
restrictive statements for homeomorphisms in standard form are sufficient 
for our purposes. □ 



8.3 Reducible maps 

This section is devoted to the study of reducible maps. In Subsection 18.3.11 
we state some properties of a system of reducing curves. In Subsection 18.3.21 
(resp. I8.3.3P we determine some properties of finite-order components of 
orientation-preserving (resp. orientation-reversing) reducible maps. 

8.3.1 Components of reducible maps 

We begin with a basic property. 

Remark 8.1 U A and B are surfaces then 

X{A UB) = x{A) + x{B) - x{A n B), 
see flUi Corollary V.4.6 and Proposition V.5.8]. □ 

By using the preceding remark, we shall prove the next result, which 
belongs to the class of well-known facts whose proof is hard to find in the 
literature. Before stating it, let us introduce the following notation: For each 
E, denote by genus(E) (resp. bc(E)) its genus (resp. its number of boundary 
components). 



Lemma 8.2 Let T = {Fi, . . . , r„} be a finite set of pairwise disjoint 
simple closed curves in a surface S and let T,^, S^, . . . ,T,^ denote the closure 
of the connected components o/S \ F. Then = Yli=i Further, 

k 

genus(S') < genus(S). 

i=l 

Proof. We will prove by induction that if j < k, then 

i=l 

That equality holds when j = 1 is trivial. We now assume that the formula 
holds for some positive integer j such that j < k. The intersection of U^^^^E* 
with S-'^^ is a finite (possibly empty) union of pairwise disjoint simple closed 
curves. In any case, the Euler characteristic of such an intersection is 0, so 
by Remark 18.11 and the inductive hypothesis, 

=x:x-(s-)+x(s'«)=|:x(s') 

1=1 i=l 

as desired. 

We prove now that Yli=i genus(S*) < genusS. The surface S = U^^^^S* is 
connected, therefore, without loss of generality, we can assume that for each 
I G {1,2,...,A;-1}, 

n ^ 0. 

Since genus(U*L]^S*) = genus(S), it suffices to show that 

j j 
(8.2) genus(S^) < genus(|J E*) 

i=l i=l 

for each J G {l,2,...,fc}. 

Clearly, ( 18. 2p . holds for j = 1. Let j be a positive integer such that 
j < k and assume ( 18. 2p holds for each i G {1, 2, . . . , j — 1}. Denote by 



Cj the number of connected components of (u^^^^S*) fl T.^'^'^. Observe that 
our assumption imphes that Cj > 1 for each j G {1,2, — 1}. By 

Remark Ell since x {i^=i^') n = 0, 

Hence, 

j j 

(8.3) 2genus(|J E^) + bc(|J S') - 2 + 2^,+i + - 2 

i=l i=l 

i+1 i+i 
= 2genus(|J S^) + bc(|J S*) - 2. 

i=l i=l 

Each boundary component of U^^^S-'^^ is either a boundary component 
of ^^S* or a boundary component of H-'^^. Further, U^^^^S* has exactly 
bc(U:^^^S*) — Cj boundary components lying in U^=iS' and exactly bj+i — Cj 
boundary components lying in S-^"*"^. Thus, bc(U^^|E*) = bc(U]^;^E*) — Cj + 
bj — Cj = bc(U:^^;^S*) + bj — 2Cj. Now, substituting this equality in (|8.3p we 
obtain 

j i+i 
2genus(|J S*) + 2^,+i + 2Cj -2 = 2genus(|J S^, 

2=1 i=l 

SO 

genus(|J + gj+i + Cj-1 = genus(|J S*). 

i=l i=l 

Since Cj > 1 the result follows from the inductive hypothesis. ■ 

We introduce the following notation which will be used frequently. 

Notation 8.3 Let g > 2, let /: — y be a reducible homeomorphism, 
let r be a system of invariant curves, and let A^(r) be an invariant tubular 
neighborhood for T. An f -transversal is a subset {Ci, C2, . . . , C^} of /- 
components such that the set of all /-components is the disjoint union of the 
/-orbits of the Cj's. For each 1 < i < A;, we denote by gi, bi, and the genus, 
the number of boundary components, and the period of Cj, respectively. If 
f^'\ci-Ci — > Ci is finite-order then, to simplify notation, we denote CTfH^^ 
by (Ti. □ 



Lemma 8.4 With Notation \8.!^ the following hold. 

(1) Eli(2^7^ + &i-2K = 2(7-2. 

(2) For each i e {1,2, . . . ,k}, 2gi + k - 2 > 1. 

(3) For each i G {1, 2, ... , k], rii < ni{2gi + bi-2) <2g -2. 

(4) For each, i G {1, 2, ... , k}, if gi = then hi > 3. 

Proof. Observe that the set of all /-components is {f-' {Ci)}i<j<ni, I < i < k 
and that, since / is a homeomorphism, for each i G {1, 2, . . . , A;} and each 
j G {1,2,..., Hi}, x{Ci) = xif^iCi)). Thus (1) follows from Lemma 

By the definition of standard form, 2 — 2gi — bi = x{Ci) < —1, hence (2) 
holds. 

Clearly, (3) is a consequence of (1) and (2), and (4) a consequence of (2). 

■ 

Now we study transversals with only one component. 

Lemma 8.5 With Notation \8.3[ if there exists an f -transversal containing 
only one component, Ci, and ni > 2, and the boundary components of Ci 
form a cycle under the action of /"^, then ni = 2 and g = 2gi + 6i — 1. 

Proof. Let Bi be a boundary component of Ci. By the hypothesis, the bound- 
ary components of Ci are {/''"i(i?i)}fce{o,i,...,6i-i}. 

Let A C A^(r) be the annulus which has Bi as a boundary component 
and let C be an /-component such that C D Cl{A) ^ Bi and C n C\{A) ^ 0. 
Since / is a homeomorphism, and C = f-'{Ci) for some j G {1, 2, . . . , ni}, 
and the boundary components of Ci form a cycle under the action of /"^ , so 
do the boundary components of C. Therefore, each boundary component of 

C is of the form /"i'=(Cl(A) n C) for some G {0, 1, . . . , 6i - 1}. 

bi-i 

Observe that |J /"^'^(A) UCUCi is a closed subsurface of S^,. Therefore, 

UfcL~oV"'^(^) UCUCi = Sg. \iC = Ci then Ui = 1. Since this is impossible, 
ni = 2, and, by Lemma [8.4( 1). g = 2gi + bi — 1 and Ui = 2, as desired. ■ 

If / G J^g^b then cx/ = aj. Then, by Theorem 13.11 we have the following 
result. 

Corollary 8.6 If g > 2 and f G J^^^^ (resp. J^gh) ^^^^ '^f ^4(^ + 2 (resp. 

4^ + (-i)m;. 



8.3.2 The orientation-preserving case 

We begin with a basic property of finite-order maps of Sq. 

Lemma 8.7 If f E J^q is not the identity, then f has exactly two fixed 
points, Xi and X2- Therefore, the f -period of every a; G Sq \ {a;i, X2} is ctj. 

Proof. By (Q, for every m G N, L(/'^) = 2 - trace /,"^. Since i/i(So) is 
trivial, trace /J^ = 0, so L{f"^) = 2. Now, the result follows by Theorem 12.71 
and Lemma 1X51 ■ 

As a consequence we have the following. 

Corollary 8.8 Let f G J^qj,- If cff > 2, and b > 3, then there exists a 
positive integer j and a G {0,1,2} such that b = jaf + a. In particular 
b > af. Moreover, if af = b = 3 then the three boundary components ofT^Q^i, 
form a cycle under the action induced by f . 



Proof. Consider the induced map /: Sq — > Sg. By Lemma [8.71 each /-orbit 
has 1 or cr/ elements and there are exactly two /-orbits of only one element. 
The set of collapsed boundary components is /-invariant, so it is a disjoint 
union of orbits of /. Thus, b = jcTf + a, where j E N and a G {0,1,2}. 
Clearly, if 6 = a/ = 3, then a = 0, j = 1 and the three collapsed boundary 
components form an /-periodic orbit. Therefore, the boundary components 
of So,fe also form a cycle under the action of /. ■ 

Lemma 8.9 Let f: Hi^b — > ^i,b be an orientation-preserving finite- order map 
such that af > 2b. Then aj G {3,4,6} and b G {1,2}. Moreover, ifb = 2, 
then the two boundary components ofT,n, are interchanged under the action 
off. 

Proof. Consider the induced map /: Si — )■ Si. If / is of type [n; 0; { }] for 
some positive integer n, then Per(/) = {o'j}. With arguments analogous to 
the used in the proof of Corollary 18. 8[ we see that b = jaf for some positive 
integer j. In particular, b > aj. Since this contradicts our hypotheses, / 
cannot be of type [n\ 0; { }] and the result follows from Lemma [6.31 ■ 



Lemma 8.10 If g > I and f G J'g. 



(1) IfcTf > 4:g then f has at most one fixed point. Consequently, if h G H^i 

(resp. h G 'H^2y' ^■^ ■^^c/i that h G J^g and ah > 4:g, then h does not have 
fixed points (resp. both boundary components o/ 2 o'^e interchanged 
under the action of h.). 

(2) If (Jf > 2 and f has an isolated fixed point then f is orientation pre- 
serving. Consequently, if h E T-Qi and h G J^^ then ct/j = 2. 



Proof. The second statement is a consequence of Lemma 13.51 so let us prove 
the first. Assume first that (7 = 1. Since aj > 4, by Lemma [6.31 / is either 
of type [6; 0; {1, 2, 3}] or [n; 0; { }] for some n > 5 and the resuh follows 
directly. Therefore, we can assume that g > 2. Let [af;0; {pi,p2, ■ ■ ■ ,Pr}] 
be the type of /. If / has at least two fixed points, we can assume that 

i? > 2 and pr.i = p^ = I. Set Rq = R - 2 and T = -Rq + 

By Theorem I5.12[ T is a non-negative integer. On the other hand, for each 

i G {1,2, R — 2}, Pi < Hence, since by hypothesis o"/ > ig, 

P ^ '2g + J:f:,P^ ^ 2g + Ro--^ ^ 1 + R, 

-Ko S S < — 7: — • 

af (Tf 2 

Then Rq < 1, so -Rq = and T = Since o"/ > Ag, T is not integer, which 
is impossible. ■ 

Lemma 8.11 With Notation \8.3l let i G {1,2, . . . , k} be such that Ci is a 
finite-order component. 

(1) If (Ji < Agi then Uiai < 4g. 

(2) //(Tj < 2 then riiai <Ag - A. 

Proof. If (Ji < Agi, by Lemma [8. 2[ aiUi < AgiUi < Ag. Therefore, (1) holds. 
If cTj < 2, (2) follows directly from Lemma [8.4( 3). ■ 

Lemma 8.12 With Notation \8.3l let i G {1,2, . . . , k} be such that Ci is a 
finite-order component of f and /"'|c, is orientation preserving. 

(1) If gi = 0, and 6j 7^ 3 or o"j 7^ 3 or rii < ^[g — 1) then n^ai < Ag — A. 

(2) If gi = 1, and hi > 3 or cXi > 7 then UiCTi < Ag — A. 

(3) If gi > 2, and bi > 3 then n^ai < Ag — A. 



Proof. Suppose now the hypotheses of (1) hold. By Lemma 18.11( 2) we can 

assume that ai > 3. By Lemma [8.81 3 < cxj < bi. If bi = 3, then ai = 3, 
< |((y' — 1) and the result follows directly. If bi > 4, by Lemma 18.4( 3). 

2ni < {bi — 2)ni <2g — 2. Therefore, njCXi < ni{bi — 2) + 2ni < 4g — 4, which 

completes the proof of (1). 

Now, we prove (2). If < 2bi then by Lemma |8.4( 3). njCTj < 2nj6j < 

— 4 as desired. If > 26j, the result holds by Lemma [8.91 

Finally, we prove (3). By Corollary 18. 6[ (Xj < 4gi + 2. If bi > 3, by 

Lemma 18.4( 3). 

rnai < 2ni{2gi + 1) < 2ni{2g, + bi-2)<4g-4, 
as desired. ■ 



8.3.3 The orientation-reversing case 

The aim of the present subsection is to obtain analogous results to those 
of the previous section for finite-order components of orientation-reversing 
reducible maps. 

Remark 8.13 If /: S — > S is a finite-order orientation- reversing map then 
its order is even. □ 



Lemma 8.14 If b > 3 and f G J^q"^, then there exist integers j and a such 
that j > 1, a G {0,2}, and b = jaj /2 + a. In particular, b > o"//2. Moreover, 
if b = crf/2, then crj/2 is odd and the b boundary components of Hq^i, form a 
cycle under the action of f . 

Proof. Consider the induced map /: Sq — > So- Clearly, /™ preserves orien- 
tation if m is even, and reverses orientation if m is odd. Since ifi(So) is 
trivial, by fO) . 

/ 7m\ _ Jo if m is odd, 
2 if m is even. 

That the result holds ii erf = 2 is trivial. Therefore, we can assume 
without loss of generality that aj > 2. If Fix(/) 7^ then, by Lemma 13.51 
/ has a pointwise-fixed simple closed curve 7 and, / acts as a reflection in a 



neighborhood of 7. Then, = Id and aj = = 2, a contradiction. Then, 

we can assume that Fix(/) = 0. 

Now, by Remark 18.131 h = p an orientation-preserving map such that 
ah = Ojl^ and L{h"^) = 2 for every m G N. By Lemma [8.71 it follows that h 
has two fixed points which are the only points of /z.-period strictly less than 
cr//2. Since Fix(/) = 0, we can conclude that / has a two periodic orbit, 
which is the only periodic orbit of even period strictly less than af. 

By Lemma 13. 6[ if there exists a simple closed curve 7 C Fix(/*) then i 
is odd and i = C//2. In any case, Per(/) C {2, a/2, a} and there is exactly 
one orbit of period 2. Since the set of collapsed boundary components is 
/-invariant, and has cardinal b, b = ka/2 + a for some a G {0, 2} and some 
keN. Since 6 > 3, A; > 1. 

Now, observe that if 6 = cr//2, since b >3, the set of collapsed boundary 
components must consist of an /-periodic orbit of period o'f/2. Moreover, 
by Lemma IXBj crf/2 is odd. Clearly, in this case, the boundary components 
of /: So,b — > So,fe form an /-cycle. ■ 

Lemma 8.15 If f E J^^f^ then there exist a positive integer j such that 
b = jaf/2. In particular, b > o'f/2. 

Proof. Consider the induced map /: Si — y Si. The characteristic polyno- 
mial of /*i is — trace(/*i)x — 1, whose roots are 



trace(/*i) + \/ trace(/*i)2 + 4 
Ai = 



and 



trace(/^,i) - \/ trace(/*i)2 + 4 
A2 = 



Since / is finite-order, Ai and A2 are roots of unity. Clearly, Ai,A2 G M, and 
are not equal, so {Ai, A2} = { — 1, !}• Therefore, 



( 7m\ _ / 2 if m is even, 
traceU.ij - | ^ if ^ is odd. 



Hence, by (j2.2p . L(/*) = for every i G N. By Lemma [3.31 / does not have 
periodic points of even period strictly less than o"/. 



By Lemma 13.51 and Remark 18.131 the periodic points of odd period are 
contained in simple closed curves. With an argument similar to that used in 
the proof of Lemma [8.14[ we can show that if for some i < Uf there exists a 
simple closed curve 7 C Fix(/*), and i is minimal with this property, then i 
is odd and i = crj/2. 

Then Per(/) C {a/,a//2} and we can complete the proof as we did in 
Lemma I8.14[ ■ 

Remark 8.16 We could have proved Lemma [8. 151 in the same way we proved 
Lemma [8. 9 [ but the argument would have been much longer. □ 

Lemma 8.17 With Notation \8.3\. let f be orientation-reversing , and let 
i G {1,2, . . . , k} be such that fd is a finite-order orientation-reversing com- 
ponent of f . 

(1) If (Ji < 3 then riiiji < 4(7 — 4. 

(2) If Qi = 0, and hi is even, or hi 7^ o"i/2 or k = 1 then Uiai < 4(yf — 4. 

(3) If gi = l then n^ai < Ag - A. 

(4) If gi > 2 and hi ^ 2 then niOi < Ag — 4. 

Proof. Assume that the hypotheses of (1) hold. By Remark I8.13[ cr, is even, 
so (Tj = 2. Hence, by Lemma 18.4( 3). a^ni = 2ni < Ag — 4 and the proof of 
(1) is complete. 

Now, suppose that gi = 0. By Lemma 18.4( 4). bi > 3 and, by (1) we 
can assume that cTj > 4. If cij < 6,, then, bi > 4 and, by Lemma 18.4( 3) 
2ni < {bi - 2)ni < 2g - 2. Here, by Lemma El(3) 

aiUi < {bi - 2)ni + 2ni < 4g - 4. 

Therefore, we can assume that cTj > bi. By Lemma [8.14[ bi = crj/2 + a, for 
some integer a such that a G {0, 2}. If a = 2, then, by Lemma 15^ 3) 

aiUi = 2{bi - 2)ni < 4g - 4, 

and the result holds. Hence, we can restrict ourselves to the case 6j = crj/2. 
By Lemma [3.61 ai/2 is odd. Then, by hypothesis, k = 1. By Lemma [8.4( 1). 
{bi — 2)ni = 2g — 2 and biUi is even. Since this is impossible, (2) holds. 

Let us prove (3). Suppose that gi = 1. We claim that we can assume 
that cTj > 26j. Indeed, if cij < 2bi then, by Lemma [8.4( 1). 



mai < 2nibi = 2{2gi + bi - 2)ni < 2{2g - 2), 



a contradiction. So, the claim is proved. By Lemma 18.4( 3) there exists a 
positive integer k, such that bi = kai/2. Hence, 2bi = kai > ai, which 
contradicts cTj > 26j. So, the proof of (3) is complete. 

Finally, we prove (4). Observe that, by Corollary 18. 6[ cTj < Agi+A. Hence, 
if 6j > 4, by Lemma 18. 4[ 

aiU, < 2{2gi + 2)ni < 2{2gi + b, - 2)rn < 2{2g - 2), 

as required. Now, if 6j G {1,3} and h denotes the map induced by /"'Iq 
on Eg., h is an orientation-reversing finite order map with a fixed point or 
a three periodic orbit. By Lemmas 13.51 and 13.61 (Th G {2,6}. Observe that 
o'h = o'i. In particular cTj < 2gi + 2 and we can complete the proof as in the 
preceding paragraph. ■ 

Lemma 8.18 Let g > 2 and let f G "Hg be a reducible map in standard 
form such that each of its components is finite-order. If the f -period of each 
connected component of N(T) is odd then f is finite-order. 

Proof. Let A be a connected component of A^(r) and denote its /-period by 
n. Since n is odd, /"Uis orientation-reversing. Hence, from the description 
of the standard form for the tubular neighborhood N{r) it follows that 
is conjugate to a map x I — > §^ x J of one of the following forms. 

(1) {z,t) (2;e^"'^\ 1 — t), where a is a rational number. 

(2) {z,t) ^ {z,t). 

In particular, /"l^ is finite-order. Since A^(r) is /-invariant, /|Ar(r) is finite- 
order. Since /|^ \Ar(r) finite-order by hypothesis, the lemma is proved. 



Part III 
Proofs of the main results 



Chapter 9 

Bounds for minimum periods 



The aim of this chapter is to obtain bounds for the minimum periods of maps 
of surfaces with boundary. In Section we apply some of the techniques de- 
veloped in Chapters [2] and [7] in order to find upper bounds. In Section [9l2| we 
construct examples of maps with "large" minimum periods, and, by means 
of these examples, we prove the existence of some lower bounds. Section 19.31 
is dedicated to the study of the minimum periods for classes of finite-order 
maps of surfaces with boundary. Theorems B, C, D and E are proved there. 

9.1 Upper bounds for minimum periods 

The two main results of this section are Proposition A, which was stated in 
the introduction (Chapter [1]), and Proposition 19.51 We begin with the proof 
of Proposition A which is based in some of the ideas developed by Nielsen in 
[35] , and uses Lefschetz's Fixed-Point Theorem and some elementary algebra. 

Proposition A If2g + h>A then m(jig^b) <2g + b-2. 

Proof. Suppose that / G 'Hg,b is a homeomorphism such that f,p..., ps+b-s 
are fixed-point free. In particular, + 6 — 3 > 1, so / is fixed-point free. 
Since Fix(/) = Fix(/~^), is also fixed-point free. Then, by Theorem 12. 2[ 

L(/-i) = = L{f) = ... = L(f ^+^-3) = 0, 

so, by 

trace = trace = trace (/^^J = . . . = trace (/^^f^''"^) = 1. 
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(Recall that /*i denotes the linear map induced by / on the first homology 
group.) The dimension of Hi(T,g^f,, Q), the first Betti number, is 2g+b—l > 3. 
So, by Proposition El trace(/,^i'+''"^) ^ 1 and, by (ESD, L{f3+^-^) ^ 0. 
Thus, by Theorem [2^21 pa+b-'i ^ gxed point. ■ 

In order to prove Proposition 19 .51 we need to introduce some notation and 
prove an elementary lemma. 

If Fix(/™) is a finite set, we denote by Pm{f) the number of periodic 
points of /-period m, that is, 

Card({x G Fix(/'") : a; ^ Fix(/'=) for A; G {1, 2, . . . , m - 1}}). 

Then 

Card(Fix(n) = 5^P,(/), 

d\m 

where Yld\m denotes the sum over all positive divisors of m. Consider the 
Mohius function fi:N \ {0} — > { — 1, 0, 1} defined by 

{1 if m = 1, 

if k'^\m for some k > 2, 

(—1)'' if m = P1P2 . . .pr distinct prime factors. 

By the Mobius Inversion Formula, see [6], Proposition 13. B. 3] 
(9.1) Pmif) = Y.li{d) Card(Fix(r/'^)). 

d\m 

Let / G 1-ig. For each positive integer i set 

/(f) = $^Mrf)^(r/')- 

d\i 

Also, for each positive integer n, we define /„(/) = (U/), KP)^ • • • 5 KP))- 

Remark 9.1 Dold [11] proves that if Y is an ENR, and C y is an open 
set, and /: V — > F is a map and n is a positive integer such that Fix(/'^) 
is compact, then n divides l{f^)- This property is easily checked for the 
class of maps we are going to consider. As Llibre remarks in [32], these 



"modified" Lefschetz numbers are interesting because, for many classes of 
maps, if l{f^) 7^ then m G Per(/). In particular, this holds for finite- 
order maps, provided that m is strictly smaller than the order of the map 
(by Lemma [9^ . and for maps / induced by maps / G T-ig^b with "large" 
minimum period (by Lemma [9.2p . □ 

Recall that if / G T-ig,bi then / denotes the homeomorphism induced by / 
on Eg. If the minimum period of a map / is large enough, then /(/*) counts 
the number of points of /-period i. 

Lemma 9.2 Let f G ng,b- For each i < m{f), = Pi{f). 

Proof. Observe that, for each i < m(/), by Proposition 17. 2[ /* is a home- 
omorphism with finitely many fixed points, each having index one. So, by 
Theorem [221 L{p) = Card(Fix(/^)). Hence, by 

m) = Card(Fix(f^)) = J^MLif') = ), 

d\i d\i 

as desired. ■ 

Remark 9.3 Let z be a positive integer and let / G 'Hg,b- If ki(/) > i then, 
by LemmaEH /(?) > 0. □ 

Conjeture 9.4 Let g > 2. By Remark EJl if / G "H+fe, then l{f) > for 
each i < m(/). Hence, m('H^^) is less than or equal to the natural number 
defined as 

max{n > 1 : there exists / G T-L^ such that /(/*) > for each i < n}. 

We conjecture that m+ = ig + 2. Analogously, if m~ equals 

max{n > 1 : there exists / G 'Hg^ such that /(/*) > for each i < n }, 

then m{y,~f^) < . We conjecture that m~ = Ag + (—1)^4. The case g = 2 
of these conjectures follows from some results of Chapter [TOl □ 



Let / G 'Hg,b and for each i, let ki denote the number of /-cycles of 
period i of boundary components of ^g,b- By Lemma and Proposition I7.2[ 
ii i < m(/), then must have exactly iki fixed points, each with index 
one; hence, /(/*) = iki. Now, consider the vector {ki,2k2, . . . ,bkb). Clearly, 
'^i=iiki = b. If z is a positive integer such that /(/*) 7^ iki, then m(/) < i, 
i.e., i is an upper bound for m(/). This idea is formalized in Proposition 19.51 
To state this result, we need to define a map which gives the minimum of 
these i. 

Let n be a positive integer. Denote by Ch^n the subset of N" consisting 
of all the n-tuples of the form {ki,2k2, ■ . . ,nkn) such that X]r=i ~ ^• 
We define a: C^^n x ^" — > N U {00} in the following way. For each (x, ^) G 

I min{z G {1,2, : a;j 7^ otherwise. 



For / G "Hg we set 



7(/,6) = max{a(A;,/fc(/))}. 



Now, for each map / G "Hg,;,, we can give the promised upper bound for 
m(/), depending on /?,(/) and on the action of / on the boundary components 
of Eg This proposition will be very useful in Chapter (TDl where we will 
need to bound the minimum periods of maps / G 1-Lg,b such that the sequence 
is in a given finite subset of 1} . 

Proposition 9.5 Let f G 'Hg,b- For each j G {1,2, . . . ,b} , let kj denote 
the number of f- cycles of boundary components of period j . Then 

m{f)<a{{k,,2k2,...,bkt,),h{f)). 

Consequently, for each f: T,g^b — > ^g,b, ni(/) < l{f,b)- 

Proof Let j G {1,2,..., 6}. If m(/) > j, by Lemma^E^l = Pj{f)- 

On the other hand, by Proposition \7.2\ every point of /-period j must be a 
collapsed boundary component. Thus Pj{f) = jkj. Since (fci, 2k2, ■ ■ ■ , bk^) G 
Cfe^fe, and 

a{{k^,2k2,...,bh),kG))>Hf), 
the result holds. ■ 



9.2 Lower bounds for minimum periods 



In this section we construct examples of maps with large minimum periods 
on surfaces with boundary. The basic idea of these constructions consists in 
considering a map / of a closed surface S with an /-invariant set D which 
is a union of finitely many pairwise disjoint open disks and consider the 
restriction /|^\^^. Clearly, / G Hg.fe, where h is the number of connected 
components of D. 

We begin with a lemma which asserts the existence of such an /-invariant 
set D as in the preceding paragraph, when / is finite-order and there exists 
an /-invariant finite set F of cardinal h. 

Lemma 9.1 Let f: S — > T, be a finite-order map. If F = {xi,X2 ■ ■ ■ ,Xb} is 
a subset o/Int S which is f -invariant then there exists a subset DofT, such 
that 

(1) D is f -invariant and C\{D) C Int(S). 

(2) There exist b pairwise disjoint open disks Di, D2, ■ ■ ■ such that D = 

b 

Di and the center of Di is Xi for each i G {1,2,..., 6}. 

1=1 

Moreover, if C is a closed subset of S and F r\ C = ^ we can assume that 
Cf\Q\{D) =0. 

Proof. It is a consequence of Lemmas 13.31 and 13.51 ■ 

Remark 9.2 Let 5 be a (possibly non-connected) compact orientable sur- 
face and let /: S — )■ 5 be a finite-order map, that is, fi^ = Ids for some 
positive integer n. Then Lemma [9 . 1 1 holds replacing S by 5*. □ 

As mentioned before, the examples we shall construct are based on finite- 
order maps of closed surfaces. In the following, we state a property of such 
maps. 

Lemma 9.3 /// G J^^ then, for each i < aj, Pi{f) = l{f^)- In particular, i 
divides l^f^). 



Proof. By Lemma 13.31 Fix(/*) is a finite set consisting of points of index 
one. By Theorem 12.71 Card(Fix(/*)) = i^(/'), and we can now argue as in 
the proof of Lemma 19.21 ■ 



Consider a map / G and let F C be the /-invariant set consisting 

of all the points whose /-period is strictly less than aj. Let b = Yl'i=i ^ KD- 
By Lemma [93| Card(-F) = h. So, if D is as in Lemma [9TT1 then h = /|^ , ^ G 



J'Jf^ and m{h) = aj. 

This construction applies only in the special case b = Yliii ^ 1{D- Nev- 
ertheless, in several cases, by modifying / by means of an isotopy we can 
obtain another map h G with an /i-invariant set F of a certain cardi- 
nal h to which we can apply Lemma 19.11 in order to find an /i-invariant set 
consisting of h disks, and will be the desired map. This is done in 

Proposition 19. 4[ 

Our next step will be to define an auxiliary map which will used to calcu- 
late the minimum period of the map obtained by the above procedure. Let 
0" be a positive integer. We define (3: Cb,a x If — > N U {oo} in the following 
way. For each (x, G Ch,a x If ^ 



oo ii X = 

min({f- : Xi < yi] U {xi - yi : Xi> yi}) otherwise. 



The following result, in which we formalize the above procedure, will be 
applied in Proposition 19. 51 to construct examples giving certain lower bounds 
for minimum periods. 

Proposition 9.4 Let f G J^^ . Assume there exists 

k= (ki, 2k2, . . . , afk^j.) G Cb,af 

such that kj = if l{f^) = 0. Then there exists h G such that h is 

isotopic to / and 

m{h) = min{a/,/3(fc,^(/))}. 

Furthermore, if, for each j G {1, 2, ... , cx/}, jkj — l{f^) is a multiple of aj 
then h = f , so h is finite- order. 

Proof. By Lemma 19. 3[ for each ?' G {1, 2, . . . , crj}, 

P,{f) = l{f')>min{l{f^),jkj}. 

Then there exists an /-invariant subset of Pj{f) of cardinal mm{l{f^),jkj}. 
Let us denote this subset by Fj. Set F = u'^^^Fj, an /-invariant set. Let Di 
be the /-invariant set as in Lemma [9.11 corresponding to F. 



For each j G {l,2,...,crj}we will inductively define an /-invariant sub- 
set of Eg, Bj, and a map Bj — > Bj in the following way: If > jkj, 
we set Bj = 0. Otherwise, by Remark [9.3[ < l{f^) < jkj. So kj > and, 
by hypothesis, /(/■') > 0. By Lemma |93| Pj{f) 7^ 0. Consider x G Pj{f)- 
By Lemma 13.31 there exists a disk with center x where is conjugate to 
a rotation of order (Jf/j- Therefore, there exists an open annulus A G 
centered at x such that 

(1) PiA) = A. 

(2) uV(^)n(DiU u'i?,) = 0- 

i=0 i=l 

(3) f^A is conjugate to a rotation of order cr//j. 

Seti?,= uV(^)- 

Now, we have jkj — l{f^) > 0, and we consider two cases: jkj — /(P) is 
a multiple of ctj or not. 

In the former case jkj — l{f^) = ajcrf for some positive integer aj, and we 
proceed as follows. Choose aj disjoint /-orbits, Oi, O2, . . . , Oa^ C Bj and set 

Hj = [jOi. Let D2 C Bj be a set as given by Lemma [9.11 taking S = Bj, 

F = Hj and C = Cl(Di). Denote ^j = flsj- 

Finally, if jkj — l{f^) is not a multiple of o"/, set nij = ih-JiEl_ Since rrij > 
0, by Lemma 19. 3[ rrij is a positive integer. Let C G A he a closed annulus 
with non-empty interior. Then there exists a homeomorphism -(9^: Bj — > Bj 
such that 

(1) i!^j\dBj = f\dBj and -dj is isotopic to /|b^ relative to dBj, 

(2) -(^^ Ic is conjugate to a rotation of order nij, 

(3) m('(9j )= min{ jmj, CT/}. 

Choose X G Int(C) and denote its ^9j-orbit by //j. Then, 

Card(i/,)=jm, =jA;,-/(f). 

(Observe that the step j = 1 can done in the same way as the step j > 1). Let 
Dl be the set defined by Lemma [9.11 and Remark |9.2[ taking S as U^=i/*(C) 
and / as '^j\^Jj-'^fi|^c) ^^^^ check that Lemma [9A] holds for ^^jlyj /i(c)' 
so there exists a set D2 G U^^]^/*(C) satisfying (1) and (2) of Lemma \9A] 



Clearly, Di U Uj^^^Dg is a union of pairwise disjoint disks. Moreover, 
the number of connected components of Di U uj£]^D2 is equal to Card(F U 
uy=iHj). Since 

Card(F U y H,) = ^ min{/(/^), jfc,} + J] jfc, - /(f) = J] jfc, = b, 

^'-^ i=i ifcj~«(p)>o j=i 

S = T,g \ {[j D2 U Di) is a surface of genus g with 6 boundary components. 
i=i 

Define /i: S — > S in the following way: 



h{x) 



fix) ifx^U^,, 

^j{x) if a; e for some j G {1, 2, . . . , o"/}. 



Let us prove that m{h) = minjo"/, (/))}• Observe that IJ -^i 

i=i 

5* \ IJ -B j are /i- invariant. Hence, 

Per(/.) = Per(/.|^.,^^;uPer(/.|^^^.,^^;. 

Then 

minPer(/i) = min{minPer(/i| ),minPer(/i| , )}. 
By definition of /i, 

minPer(/i|^., = min ({a^} U {jk, - l{f) : jA;, > 1 < j < a,}) . 

On the other hand, h\^^j^s_^j^^ = f\s\(j''.L^B,- Hence, j e Per(/i|^^^<^/^^p if and 
only if there exists x G Pj{f) such that x ^ F^. By Lemma f9.3[ this occurs 
if and only if 

KP) = PAf) > Card(F,) = min{jfc„/(/^)}. 
Since this is equivalent to l{f-') > jkj, 

minPer(/i|^^^j/^^P = min{a/} U {3 : /(/^) > jkj}. 

So m(/i) = m.m{af,(3{k,laf{f))}, as desired. ■ 
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Table 9.1: Lower bounds for m('H^6). 

Let / G J^^. It is not always possible to find k satisfying the hypotheses of 
Proposition 19. 4[ However, if / has a fixed point, we can take k = (6, 0, 0, . . .). 
Also, ki can take any value in {0, 1, . . . , 6} provided that the sum of all the 
/cj's is b. This allows us, in several cases, to choose b and k in such a way 
that the map h G TigM given by Proposition 19.41 achieves a "large" m{h) and 
hence, a "large" lower bound for m(j-l^^) is achieved. This result is stated in 
the following proposition which includes one of the inequalities of Theorem I. 

Proposition 9.5 For g > 2, Table \9.1\ shows certain lower bounds for the 
values o/m('H^J. 

Proof. By Corollary 16. 2^ there exist maps i)i,i)2,'&3 £ J-"^ of types 

[Ag; 0; {1, 1, 2g}], [2g; 0; {1, 1, g}] and [4g + 2; 0; {1, 2, 2g + 1}] 

respectively. Set fb = ^i, ^2 or t^s as indicated in Table 19.21 Denote by 
(Jb the order of fb and define kb = {ki, k2, ■ ■ ■ , ka^J in the following way. If 
i ^ {1,2, g,2g,2g + 1} then k^ = 0; otherwise, ki is defined as in Table |9^ 
Denote by /3b the value of the lower bound of m('H^^) of Table I^TTl Applying 
Proposition 19. 4l to kb and fb, we obtain a map hb G Tig fj such that m{hb) = (3b. 
Hence, m('H^^) > m{hb) = (3b, as desired. ■ 

Remark 9.6 As we shall see in ChapterHni the lower bounds given in Propo- 
sition |93] are the best possible when g = 2 and b ^ {1,2,3,4,6,8}. □ 
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Table 9.2: Values of k and /. 

Remark 9.7 Let g > 2. The results of Table 19.11 are not best possible 
in general. For example, assume that there exist positive integers Pi,P2,P3 
pairwise coprime, such that each of them divides 2g + pi + p2 + Ps — 2. 
Moreover, assume that there exist non- negative integers ni,n2,n3 such that 

b = riipi + n2P2 + nsPs- 

Let 

n = min{{2g + pi + p2 + P3 - 2} U {pi : rii = 0} U {{ui - l)pi : > 2}). 

By Harvey's Theorem 15.141 and Proposition 19.41 there exists / G T-L^i, such 
that m(/) = n. 

Hence, m(7{^f,) is bounded below by the maximum of all n obtained as 
above. □ 

By Lemma [375| the fixed-point set of an iterate of an orientation- reversing 
map of a closed surface can contain not only isolated fixed points, but also 
pointwise- fixed simple closed curves. Taking this into account, we can prove 
the following proposition, in the same way as we proved Proposition 19. 4[ 

Proposition 9.8 Let f G . Assume that there exists 

k = {ki, 2/c2, . . . , o-fk^^.) G Cb,af 



such that kj = if l{f^) = 0. Then there exists h G such that 

m{h) = mm{a/,/3(A;,/^^ (/))}, 

where aj = Uf dim(Fix(/°"^''^)) = and aj = (Jf/2, otherwise. Further- 
more, if for each j G {1, 2, . . . , aj}, if jkj — l{f-^) is a multiple of aj then 
h = f , so h is finite-order. 

The next result is a corollary of Propositions 19.41 and 19.81 

Corollary 9.9 Let f G J^J' (resp. J^^) be a map of type 

[n;0; {puP2, . . . ,pj]. 

Assume that pi < pj if i < j and that Yli=iPi ~ ^ f^''^ some s < R. Then 
there exists a map h G J^g^ (resp. J^g^) such that 



m{h) 



Ps+i if s < R, 
n if s = R. 



By Lemma 13. 5[ orientation-reversing finite-order maps have no isolated 
fixed points. Therefore, if we want to apply Proposition 19.81 to a given map 
/ G J^g and k = {ki,2k2, ■ ■ ■ ,bkb), ki must be equal to 0. This restricts 
considerably the values of k satisfying the hypotheses of Proposition 19.81 
(Observe that the i-th entry of k must be a multiple of i.) This is solved 
by imposing the additional requirement on / of having an invariant annulus 
which plays the role of the fixed point in the orientation-preserving case, 
allowing us to consider fci 7^ 0. This idea is formalized in the following. 

Proposition 9.10 Let f G J^g . Suppose that the following hold. 

(1 ) dim(Fix(/'^//2) ^ g 

(2) There exists an f -invariant annulus A (ZT^g such that f\A is conjugate 

2TTi 

to the map {z, t) {ze^f ,1- t) on §^ x [0, 1]. 

(3) There exists 

{ki,2k2,...,afk^_^) G Cb,af 
such that for each j G {2, 3, . . . , b}, l{f^) = implies kj = 0. 



Then there exists a map h G 'Hg h such that 

m{h) = mm{af,l3(k,l^^{f))}. 

Proof. Define Di as in the proof of Proposition 19 .41 For each j < af we define 
an /-invariant set Bj C and a map -^j-. Bj — > Bj as follows. If j = 1, we 
set Bj = A and let "^i be a map satisfying the following conditions. 

(1) i^i\dBi = f\dBi and {}i is isotopic to relative to dBi. 

(2) 'dlsi is conjugate to the map (z, t) {ze ''i- , 1 — t) of §^ x [0, 1]. 

(3) m('(9i) = minjfci, 0"/}. 

Now, for each i G {2, 3, . . . , o"/} we define Bj and ^dj as in the proof of 
Proposition 19. 4[ and complete the proof with arguments analogous to those 
used there. ■ 

Combining Lemma 16.21 and Proposition I9.10[ we obtain a bound for the 
minimum period of the class of orientation reversing homeomorphisms of 
surfaces of odd genus. 

Corollary 9.11 If g > 2 is odd and b > 6g — 6, then there exists f G "H" 
such that h{f) = ig — 4. Consequently, m('H^^) > 4(7 — 4 if b > 6g — 6. 

Proof. Let / G be as in Lemma [6.21 Define 

k = {ki, ^2, • • • 5 ^49-4) £ Cb,4g-4 

by 



(b-2g + 2 ifi = l, 
ki = < 2^ - 2 if i = 2^ - 2, 
1 otherwise. 

By Proposition 19.10^ there exists h G Ugh such that m{h) = mm{4g — 
4,6-2^ + 2} = 4^-4. ' ■ 

Another application of Proposition 19.101 yields the following. 

Corollary 9.12 Let g > 2. There exists f G T-Lg^ such that m(/) = 
min{6, 2g — 2}. Consequently, if b <2g — 2, then m('H^;,) > 2g — 2. 







2g <b <2g + 2 


6-2 


2g + 2<b<2g + A 




2g + A<b<2g + Q 


6-4 


2g + Q<b<Ag + A 


2g + 2 


Ag + A<b<Qg + 2 


b-2g-2 


6g + 2<b<6g + 6 


^9 


Qg + Q<b<Qg + 10 


b-2g-6 


b>6g + 10 


Ag + A 



Table 9.3: Lower bounds for m('Hg^). 

Proof. Let k = (6,0,0,...) G Cb^2g-2- If 9 is even (resp. odd), applying 
Proposition 19.101 to k and the map of Lemma 16.31 (resp. Lemma 16. 2p . we 
obtain a map / e T-Lgh^ such that m(/) = min{6, 2g — 2}, as desired. ■ 

The following lemma is the analogue of Lemma 19.51 for the orientation- 
reversing case with the additional requirement that the genus g be even. 

Proposition 9.13 If g > 2 is even then Table \9.3\ shows certain lower 
bounds for mij-ig^b) ■ 



Proof. We prove this result by an argument analogous to that used in the 
proof of Proposition 19.51 In this case, we apply Proposition 19.41 to ^1,^2 ^ 
J^g , the maps defined in Lemmas 16.41 and 16.11 respectively. Set = as 
indicated in Table 19.41 Define k^ = {ki, k2, ■ ■ ■ , k^f^) in the following way. If 
i ^ {1, 2, 4, 2g, 2g + 2} then ki = 0. Otherwise, ki is defined as in Table [931 

Denote by (3b the value of the lower bound of m(ji~f^) of Table 19.31 Ap- 
plying Proposition 19.81 to kb and fb we obtain a map hb G "H"^ such that 
m(/i) = (3b- Hence, m(7^~^) > m{hb) = (3b and the proof is complete. ■ 



Remark 9.14 As we shall see in Chapter [TO] the lower bounds given in 
Proposition 19.131 are the best possible when g = 2 and 6 ^ {1,2,3,4,6, 10}. 

□ 



h 

u 


Jb 


h 




ri/4 


^29 


"^2^ + 2 




2g <b <2g + 2 




b- 


2 




2 











b-2 


2g + 2<b<2g + A 


^1 


b- 


2 




2 











2g 


2g + A<b<2g + 6 


^2 


b- 


4 







4 








6-4 


2g + 6<b<Ag + A 


^2 


b- 


4 







4 








2g + 2 


4:g + A<b<6g + 2 


^1 


b- 


2^7- 


2 


2 





2g 





b-2g-2 


6g + 2<b<6g + Q 


^1 


b- 


2g- 


2 


2 





2g 







Qg + Q<b<Qg+ 10 


^^2 


b- 


2^- 


6 





4 





2g + 2 


b-2g-6 


b>6g + 10 


^^2 


b- 


2^?- 


6 





4 





2g + 2 


Ag + A 



Table 9.4: Values of k and /. 



9.3 Minimum periods of finite-order maps 

In this section we prove Theorems B, C, D and E. Almost all the statements 
of Theorems D and E follow from Theorems B and C. The basic idea for the 
proof Theorem B (resp. Theorem C) is that for each > 2, 6 > 3, a pair 
{g, b) satisfies certain algebraic condition if and only if there exists a finite- 
order map / G J^g^ (resp. J'') with exactly b periodic points of /-period 
strictly less than 2(7 + 6 — 2. In such Corollary 19.91 gives the desired 

result. 



Lemma 9.1 Let g > 2 and 6 > 5 and suppose that for some f G J^^j, (resp. 
J^gb)' ""^(Z) = 2(7 + 6 — 2. Then there exists k G J^^ (resp.J^^ ) of type 

[2g + b-2-0-{pi,p2,...,pJ] 

where R is a positive integer and Ylif=iPi = ^• 

Proof. Let / G J^^^ (resp. / G J^g}^) be such that m(/) = 2g + b — 2 and let 
k = f. Then k G J^g (resp. k G Tg)- We will prove that the type of k is 
[2g + b — 2; 0; {pi,P2, ■ ■ ■ ,Pr}] where R> 1 and "^f^iPi = 6. We claim that 
ak = 2g + b — 2. Clearly, ak = <Jf- Since / is finite-order and has a periodic 
orbit of period 2g + b — 2, ak = j{2g + 6 — 2) for some positive integer j. By 
Theorem 13.11 



ak <li±^<2. 



2^ + 6-2 - 2^ + 3 



Thus, J = 1 and the claim is proved. Hence, the type of k is 

[2g + b- 2-0- {p^,P2,...,p J] 

and it only remains to check that R> 1 and Xlii Pi ~ ^■ 

Notice that every point in Hg^h has /-period 2g + b — 2. Thus, the points of 
Eg of fc-period pi,p2, . . . ,Pr are collapsed boundary components. Let m be 
the number of /c-orbits which are collapsed boundary components of fc-period 
2g + b — 2. Then m is a non-negative integer and b = Y2f^^ Pi + m{2g + b — 2) . 
If m > 1 then g < 1, which is impossible. So, m = and b = ^f^iPi- Since 
6 > 5, i? > 1, so the proof is complete. ■ 

The main tool for the proof of the next result is Corollary 16. 1[ 

Theorem B Let g > 2. Then m(j-+J = 2g + b-2 if and only ifb G {2,3,4} 
or there exist positive integers pi,P2,P3 such that they are pairwise coprime, 
each of them divides 2g + b — 2, and Pi + P2 + Ps = b. 

Proof. We begin with the "only if" direction. Assume that 6 = 1. If there 
exists / G J^^i such that m(/) = 2g + b — 2 = 2g — 1 then, since g < 2g — 1, 
/, . . . , are fixed-point free. The single boundary component of Sg^i is 
/^-invariant for each i G {1,2, .. . ,g}, so the iterates of the induced map 
/* for i G {1,2,. . . ,g} have only one fixed point, the collapsed boundary 
component. By Proposition 17.21 this fixed point has index one for /* for 
each i G {1,2, . . . ,g}. Then, it follows from Theorem 12.71 that Llf^) = 1 
for each i G {1,2, . . . , g}. By Lemma \7.1\ L{f^~^^) = —g < 0. Hence, by 
Lemma 13. 4^ 

-g = LiP^') = = 2-2^7 

and Z^"*"^ = Id. Therefore, g = 2 and = Id. Thus, o"/ divides 3. Since 
fyP = are fixed-point free, cx/ = 3. Then Per(/) = {1,3}. On the 
other hand, / has only one fixed point. So, / has type [3; 0; {1}]. Since this 
contradicts condition (5) of Corollary 16.11 b> 2. 

If 6 G {2,3,4} the conclusion holds. So we can assume that 6 > 5. By 
hypothesis, there exists / G J^^^ such that m(/) = 2g + b — 2. By Lemma [OTT] 
there exists h G J^^ of type [2g + b — 2; 0; {pi,P2, ■ ■ ■ ,Pr}], for some positive 
integer R and pi,p2, . . .p^^ > 1 such that J2f=iPi = ^- ^^t 



Since the condition (1) of Corollary 16.11 holds. T must be even and non- 
negative. Then R G {1,3}. By the condition (5) of Corollary 16. H R ^ 1. 
Therefore, R = 3 and the desired conclusion holds by Corollary 16. 2[ 

Let us see the "if" direction. By Proposition A, m(j^^^) < 2g + b — 2. To 
see equality, it only remains to show that if the hypotheses hold then there 
exists a map / G J^^^^ such that m(/) = 2g + b — 2. 

By Corollary 16.21 there exist maps /i, /2, /s G J^g of type 

[Ag; 0; {1, 1, 2g}l [2g + 1; 0; {1, 1, 1}], [2g + 2; 0; {1, 1, 2}]. 

respectively. For each b G {2, 3, 4}, applying Corollary 19.91 to fb-i we can see 
that there exists hj, G J'gfi such that m{hf,) = 2g + b — 2. 
By Corollary 16. 2 [ if 6 > 5, there exists a map of type 

[2g - 2 + pi+p2+P3;0; {^1,^2,^3}]- 
Since pi + P2 + Ps = b the result holds by Corollary 19.91 ■ 

Remark 9.2 Combining a result of Oilman [17] and Corollary 16.11 we ob- 
tain the following: suppose that / G J^^, then the isotopy class of / is irre- 
ducible if and only if there exists positive integers pi,p2 and ps such that they 
are pairwise coprime and the type of / is [2g + pi + P2 + Ps', 0; {pi,P2,P3}]- 
Hence, if 6 > 3, by Theorem B, the maps / G J^^f, such that m(/) = 2g + b — 2 

are the ones for which the isotopy class of / is irreducible. □ 

Theorem D Let g > 2. Then m('H^b) = "^g + b — 2 if one of the following 
conditions holds. 

(1) There exist positive integers Pi,P2,P3 such that they are pairwise co- 
prime, each of them divides 2g + b — 2, and pi + P2 + P?, = b. 

(2) b-2 divides 2g. 

(3) 6-3 divides 2g + l. 

(4) 6g {1,2,3,4,(7 + 2,2(7 + 2,2(7 + 4}. 

Proof. If (1) holds then the desired result is a consequence of Theorem B. 

If 6 — 2 (resp. 6 — 3) divides 2g, we can apply Theorem B to pi = p2 = 1 
and p3 = 6 — 2 (resp. pi = 1, ^2 = 2 and = 6 — 3). So, if (2) holds, we are 
done. 



Now, assume that (4) holds. If 6 G {2,3,4}, the conclusion follows from 
Theorem B. If b e {g + 2, 2g + 2} (resp. b e {2g + 4}) then (2) (resp. (3)) 
holds, so the desired result holds. 

Finally, assume that 6 = 1. By Lemma [6l3] and Lemma [6l2| for each g >2 
there exists a map / G J-'^Li of type [2g — 1; 0; {1, 1, 1}]. Let {xi,X2, X3} C S^, 
be the /-fixed points. Set F = {xi, X2, Xs} and let D = Z^i U -D2 U -D3 be as in 
Lemma [9?T1 Clearly, f{Di) = Di for each i G {1, 2, 3}. Now, we glue to ^g\D 
an annulus A whose boundary components are dDi and dD2. Moreover, we 
extend ^ 

h: {Eg\D)UA — > (Eg \D)UA 

such that m{h) = 2g — 1. Since (S^ \D)U A is a. surface of genus g with one 
boundary component, the proof is complete. ■ 

Remark 9.3 The map constructed in the above proof for the case 6 = 1 is 
not finite-order because, even if / is conjugate to a rotation of order 2g — 1 
around each fixed point, it can be proved that the angles of these rotations 
cannot sum to 0, so h\A cannot be finite-order. □ 

Theorem C Let g >2. Then m( J'^^J = 2g + b - 2 if and only if b e {2, 4} 
or one of the following conditions holds. 

(1) g is even and there exist positive integers pi,p2 such that g.c.d{pi,p2) = 
2, each of them divides 2(7 + 6 — 2, and pi + P2 = b. 

(2) g is odd, b is even, and b divides 2g — 2. 

Proof. We begin with the "only if" direction. Suppose m( J^^^) = 2g + b — 2. 
Then there exists / G J^^^ such that m(/) = 2g + b — 2. By Lemma 16.41 b 
is even. If 6 G {2,4} we are done. Hence, we can assume that 6 > 5. By 
Lemma 19. there exists h G of type [2g + b — 2; 0; {pi,P2, ■ ■ ■ ,Pr}], for 
some positive integer R, pi,p2, • • - P^ > 1- Set 

2^ + 6-2 

Since condition (4) of Corollary 16.31 holds. T > 1. Hence, R G {1,2} and the 
desired conclusion follows from Lemma 16.51 

Let us see the "if" direction. By Proposition A, m(j^~^) < 2g + b — 2. 
Suppose that g is odd and consider b such that either b G {2,4} or b divides 



2g — 2. By Lemma 16.51 there exists a map of type [2g + h — 2; 0; {h}]- By 
Lemma [9. 9 [ there exists / G J^~^^ such that m(/) = 2(7 + 6 — 2, which proves 
that m(j^~^) < 2g + h — 2 m. this case. 

Now, assume that g is even. By Lemma 16.51 there exist maps of type 
[Ag; 0; {2, 2g}] and [Ag + 4; 0; {4, 2c/ + 2}]. Applying Corollary ^ to these 
maps we obtain the desired equality for h G {2,4}. If 6 > 5, by Lemma [6.5^ 
there exists a map of type [2(yf + 6 — 2; 0; {^1,^2}]- Since pi + p2 = 6 we 
can apply Lemma 19.91 to this map in order to obtain / G such that 
m(/) = 2g + b-2. ' ■ 

Now we use Theorem C to prove the following result. 

Theorem E Let g>2. 

(1) Ifbis odd then m('H^b) < b, and equality holds ifb<2g — 2. 

(2) m('H~5) = 2(7 + 6 — 2 if one of the following conditions holds. 

(t) 6g{2,4}. 

(ii) g is odd, 6 is even and 6 divides 2g — 2. 

(Hi) g is odd, b E {g — l,2g — 2} . 

(iv) g is even, and there exists positive integers pi,P2 such that each 
of them divides 2(7 + 6 — 2, g.c.d(pi, P2) = 2, and pi + P2 = 6. 

(v) g is even, and 6 — 2 divides 2g. 

(vi) g is even, and 6 — 4 divides 2(7 + 2. 

(vii) g is even, and 6 G {(7 + 2, 2(7 + 2, 2(7 + 6}. 

Proof. We begin by proving (1). Let / G "Hg^b- If 6 is odd, there is a boundary 
component B of T^g^ such that f\B) = B for some odd i <b. Since is 
conjugate to an orientation- reversing homeomorphism of the circle, then, by 
Remark 12.51 has a fixed point. Therefore, m(/) < i < b. That equality 
holds for 6 < 2(7 — 2 follows from Corollary 19.121 

Let us prove (2). If (i), (ii), (iii) or (iv) hold, then the result is a con- 
sequence of Theorem C. If (v) (resp. (vi)) holds, we apply Theorem C, to 
Pi = 2 and p2 = b — 2 (resp. pi = A and p2 = b — 4) and obtain the desired 
conclusion. 

Finally, we prove that (vii) implies (2). If 6 G {g + 2,2g + 2} (resp. 
6 = 2(7 + 6), then 6 — 2 divides 2g (6 — 4 divides 2(7 + 2), and (v) (resp. (vi)) 
holds, so the proof is complete. ■ 



Chapter 10 

Homeomorphisms of surfaces of 
low genus 

The purpose of this chapter is to study the minimum periods of maps of Sg^f, 
for g e {0, 1,2}. As we will see, the cases g = and g = 1 are not hard to 
solve, whereas the case g = 2 requires more effort. In the latter case, one 
of the inequalities can be proved by means of the examples constructed in 
Chapter O The main tools for studying the other inequality will be Newton's 
equations. Lemma 17.21 and Proposition 19.51 Indeed, by means of simple cal- 
culations we will show that if a homeomorphism h: E2 — S2 is in a "large" 
set then L{h^) < for some n G {1,2,3,4}. So, Proposition 19.51 implies that 
the minimum period of maps /: ^2,6 — > S2,f, such that / is in this "large" 
set of homeomorphisms is less than or equal to 4. For the rest of the maps 
h: S2 — > S2 we will show that the pair {L{h) , L{h'^)) can take only finitely 
many values. For each of these possible values (c, rf). Proposition 19.51 will 
give an upper bound for the minimum period of the class of / G l-L^^ (resp. 

"H^J inducing a map f & Tig (resp. Tig) such that {L{f),L{p)) = {c,d). 

10.1 The orientation-preserving case 

This section is devoted to prove Theorem F. We begin by introducing some 
notation. For each / G Tig and each positive integer n, let Ln{f) denote the 
n-uple of integers, 

(L(/),L(f ),..., L(r)) 
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Also, denote the infinite sequence 

{L{f),L{f),L{f ),...) 
by Loo(/))- For v = {vi,...,Vr) G Z*", we write v°° for tlie sequence 

{Vi, ...,Vr,Vi,.. .,Vr, . . .) E Z^. 

Lemma 10.1 Let f G hJ^. If L{f) > 4 then m(/) < 2g. 

Proof. If m(/) > 2g, by Proposition l7.2l for each i G {1, 2, ... , 2g}, the fixed 
points of /* are isolated and have index one. By Theorem 12.71 / has at least 
4 fixed points, i.e., Card(/) > 4. Since Fix(/) C Fix(/*), for every positive 
integer i, Card(Fix(7^)) > 4, if z < 2g. Thus, by Theorem [221 Hf) > 4 
for each i G {1, 2, ... , 2g}. This contradicts Lemma 17.21 so the lemma is 
proved. ■ 

Lemma 10.2 If f E Titt ^"^^^ ^^^^ ^{f) ^ 5 then either L^{f) = 
(0,6,12,6,-20) or 

L^if) G {(0, 4, 6, 4, 0, -2)~, (1, 3, 1, 3, 6, 1, 3, 1, 3, -2)°°, 
(2, 2, 2, 6, 2, 2, 2, -2)°°, (3, 3, 3, 3, -2)°°, (2, 4, 2, 4, 2, -2)°^}. 

Proof. Fix / G "H^^ such that m(/) > 5. For each positive integer i, let ji 

denote /(/*). Combining Newton's equations (page [221) with Lemma 17^ and 
f2.3p . we obtain the following system of equations. 



Pi + Si 

P2 + SlPl + 2S2 
P3 + SiP2 + S2P1 + 3S3 
P4 + S1P3 + S2P2 + S3P1 + 4S4 

Si 

S4 

Lin 

71 
7i 

74 



0, 
0, 
0, 
0, 

S3, 

1, 

2 — Pi, for i = 1, 2, 3 and 4, 

Hi), 

L{f')-L{f), for i = 2 and 3, 
L{n-L{f). 



71 


73 


74 


72 



1 
2 
3 


3(72 - 2) 
3(72 - 2)/2 


-372/2 


(-24+ 1072 - 7l)/2 
72(2-72)72 

(8 - 272 - 7i)/2 
-72(72 + 2)72 


4,6 
2 

0,2 




Table 10.1: Values of 73 and 74 for 71 G {0, 1, 2, 3}. 



Solving the system for 73 and 74 we get 

73 = ^(-12 + 471 + 371-75^ + 672-37172), 

74 = ^(-24 + 267i + 37i'-67? + 7f + 1072 - 107l72 + 27h2-72)• 
By Lemma flO-H 71 G {0,1,2,3}. For each of these values of 71, the val- 
ues of 73 and 74 as a function of 72 are given in the second and third 
columns of Table 110.11 respectively. By Lemma 110. H 7^ = /(/*) > for 
each i e {1,2,3,4}. The last column of Table [T(m gives us the values of 
72 for which 73 > 0, and 74 > 0, for 71 G {0,1,2,3}. In other words, 
L2(7) G {^0, 4), (0, 6), (1, 3), (2, 2), (2, 4), (3, 3)}. 

If Iv2(/) = (0,6), then by Newton's equations (page [22]) and Lemma [7^ 
L5(7) = (0,6,12,6,-20). 

By Corollary 16. H there exists /i G J^2 of type 

[6; 0; {2, 2, 3, 3}], 

and by Corollary 16. 2 [ there exist maps /2, /3, /4, /s G J^2 of types 

[10; 0; {1, 2, 5}], [8; 0; {1, 1, 4}], [6; 0; {1, 1, 2}], [5; 0; {1, 1, 1}] 

respectively. By Lemma [3^ for i = 1,2,3,4,5, L^{fi) equals 

(0, 4, 6, 4, 0, -2'r, (1, 3, 1, 3, 6, 1, 3, 1, 3, -2)~, (2, 2, 2, 6, 2, 2, 2, -2)°°, 

(2,4,2,4,2,-2)~,(3,3,3,3,-2)~, 
respectively. Hence, the result follows from Remark 17.31 ■ 

Lemma 10.3 If f e then m(/) < 3. 



b 


1 


2 


3 


4 


5 


6 7 


8 9 


10 


11 12 


13 14 




3 


4 


5 


6 


3 


8 4 


10 5 


6 


6 6 


7 8 



b 


15 16 17 6>18 


Hut,) 


8 8 9 10 



Table 10.2: Values of m(?{+J. 

Proof. Assume that there exists / G T-it^ such that m(/) > 3. Observe that 
C5,5 = {(0, 0, 0, 0, 5), (0, 2, 3, 0, 0), (1, 4, 0, 0, 0), 
(1, 0, 0, 4, 0), (2, 0, 3, 0, 0), (3, 2, 0, 0, 0), (5, 0, 0, 0, 0)}. 

Hence, by Proposition 19.51 /(/) G {0, 1, 2, 3, 5}. If /(/) = 5 then, by Proposi- 
tion l9.5l hif) = (5, 0), and by Newton's equations (page[22]), and Lemma rr2| 
= —21 < 0, so, by Remark 19.31 m(/) < 3, a contradiction. So, 
/(/) G {0, 1,2,3}. By Proposition [931 hif) e B, where 

5 = {(0, 0, 0), (0, 2, 3), (1, 4, 0), (1, 0, 0), (2, 0, 3), (3, 2, 0)}. 

On the other hand, in Table [TOTT| for each /(/) G {0,1,2,3}, the value of 
l{f^) is given in terms of /(/^). Using this table, a simple calculation shows 
that for each h G ut, if K^) e {0,1,2,3} then l^ih) ^ B. Since this is a 
contradiction, the lemma is proved. ■ 

Lemma 10.4 The values o/m('H^^) are given in Table lTOTB . 

Proof. For each b, denote by nib the value claimed for m('H^jj) in Table 110.21 
If 6 G {1, 2, 3, 4, 6, 8}, by Theorem C, m{nlb) = ^b- 

By Proposition 19.51 for each b ^ {1,2,3,4,6,8} there exists a map / G 
7^^^ such that mij-i^b) — In particular, by Lemma ri0.3[ mij-it^) — 3- 

In Table [T073| we list the values of 7(/, b) for each / such that hif) G B, 
where 

5 = {(0,4), (1,3), (2,2), (2, 4), (3, 3), (0,6)}. 

By Proposition 19.51 if / G "H^;, is such that hif) G B then m(/) is less than 
or equal to the corresponding entry of Table 110.31 



l2{f)/b 


5 


6 


7 


8 


9 


10 


11 


12 


13 


14 


15 


16 


17 


18 •■■ 


(0,4) 


2 


2 


3 


3 


3 


6 


3 


3 


3 


4 


5 


6 






(1,3) 


2 


3 


4 


10 


5 


5 


5 


5 


5 


6 


7 


8 


9 


10 •■■ 


(2,2) 


3 


8 


4 


4 


4 


4 


5 


6 


7 


8 










(2,4) 


2 


2 


3 


4 


5 


6 


















(3,3) 


2 


3 


4 


5 






















(0,6) 


2 


3 


2 


2 


3 


3 


3 


3 


3 


3 


3 


3 


3 


5 ■ ■■ 



Table 10.3: Values of 7(/, b) for 6 > 5 and f e B. 



Consider / G 'H2,7- We claim that m(/) < 4. Indeed, if m(/) > 4, by 
Lemma 110.21 Proposition 19.51 and Table 110.31 m(/) < 4, a contradiction. 
Hence the claim is proved. Therefore, 4 > m{'H2,7) > ""^7 = 4. 

If 6 ^ {1,2,3,4,5,7} then m(?^+J > m^, > 4. So, by Lemma [TO^l 
Proposition 19.51 and Table [T03l < mij-l^b) — as desired. ■ 



Remark 10.5 Observe that mij-l^b) 
6 = 1 or m(jr2+ ) = 6 + 2. 

Theorem F (^ij 



2.2 + 6 - 2 = 6 + 2 if and only if 

□ 



r 1 ifb = i, 

Hutb) = < oo 2/6 = 2, 
[6-2 2/6 > 3. 

mf7V+) - /2 ^fb = l, 
^{Hi^b) - I 5 z/6>2. 

(3) Table \10^ shows the values ofmij-itb)- 
Proof. We will split the proof into various cases. 
Case 1. ^ = 0, 6 = 1. 

In this case, the result can be deduced from Brouwer's Fixed-Point Theorem 
and also, from Fuller's Theorem 11.21 



Case 2. g = 0,b = 2. 



View the annulus ZIo,2 as §^ x /. Consider the homeomorphism [z, p) ^ 
{Ra{z),p), where a G M is irrational. It is clear that it preserves orientation 
and that it has no periodic points. 

Case 3. ^ = 0, 6 = 3. 

Observe that if / G Tios then / is an orientation-preserving homeomorphism 
of the sphere Sq. Since the first homology group of the sphere Sq is trivial, by 
|2.2p . L{f^) = 2 for each positive integer i. Therefore, /3(/) = (2, 0, 0). Since 
Cg 3 = {(3, 0, 0), (0, 0, 3), (1, 2, 0)}, the result follows from Proposition 

Case 4. ^ = 0, 6 > 4. 

By Proposition A, /ip(So,fe) < b — 2. The following example gives the reverse 
inequality. Consider a sphere with 6 — 2 holes symmetrically distributed on 
the equator and two more at the poles (see Figure 110. ip and take / to be 
rotation through an angle of 27r/(6 — 2) with respect to the axis R. Clearly, 
/ has minimum period 6 — 2. 

Case 5. g = 1, b = 1. 

By Fuller's Theorem II. 2 [ /ip(Si^i) < 2. To complete the proof of this case we 
shall exhibit an example of a map on Si i without fixed points. 

By Lemma [673| there exists a map / G J^i of type [6; 0; {1, 2, 3}]. Let 
X be the fixed point of /. Let D be a set as in Lemma 19.11 for F = {x}. 
Then /|^_^^^: Ei \ D — > Ei \ D is a homeomorphism without fixed points, 
as desired. 

Case 6. ^ = 1, 6 > 2. 

By Proposition A, m{'H^i^) < 6. To see that equality holds, consider a torus 
with 6 holes distributed as in Figure lTO.il Rotation through an angle of 27r/6 
with respect to the axis R has minimum period 6, so the proof of this case is 
complete. 

Case 7. g = 2. 



See Lemma [10.41 



R 




Figure 10.1: Examples for the proofs of Theorem F 

10.2 The orientation-reversing case 

As in the orientation-preserving case, most of this section will be devoted 
to studying m(j-i2b)- One difference between the two cases is given by the 
following result. 

Lemma 10.1 Let i be a positive odd integer and f G Ti^b- If L{f^) ^ then 
m(/) < i. 

Proof. Assume that m(/) > i. Since L{f^) ^ 0, by Theorem 12.21 / has 
a fixed point. Since m(/) > i > 1, this fixed point must be a collapsed 
boundary component B. Clearly, B is /^-invariant. Since /* is orientation- 
reversing, is conjugate to an orientation- reversing homeomorphism of 
the circle. Thus, by Remark 12. 5[ has a fixed point. Then, m(/) < i, a 
contradiction. ■ 



Lemma 10.2 Let f G U^y If L{f^) > 4 then m(/) < 2g. 
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Table 10.4: Values of m{H 



2,b) 



Proof. Assume that m(/) > 2g and L{p) > 4. By Lemma [TOUl L{P) = 
for each i E {1,3,5, . . . ,2g — 1}. 

By Proposition 17.21 for each i G {1, 2, . . . , 2g}, the fixed points of /* are 
isolated and have index one. Since Fix(/^) C Fix(/^*), for every positive 
integer i, Card(Fix(/^* 
4 < L(/^*) for each i 
proof is complete. 



{1,2, 



,g}. By Theorem 12. 7[ 



> 4 for each i 
G {1,2,..., g}. This contradicts Lemma 17.31 so the 



Lemma 10.3 The values ofm('H2b) ^'^^ given in Table 10. 4 



Proof. For each b, denote by the value claimed for m(7{2 b) Table 110.41 
If 6 G {1,2,4} then conditions (1) and (2i) of Theorem E hold, so 

By Theorem E, m(7^^3) < 3. By Lemma 1631 (2). there exists / G J^2 
of type [12; 0; {4, 6}]. Let k G Cs^u be such that ki = 3 and fc, = for 
each i G {2,3,..., 12}. By Proposition 19.41 there exists h G "^^3 such that 
m{h) = 3. Thus, m('H^3) = 3 = m^. 

If 6 G {6, 10}, condition (vii) of Theorem E holds, so m{'H2b) ~ ''^b- 
Hence, we can assume b > 5 and b ^ {6, 10}. Here, by Proposition I9.13[ 
m{'H2b) — ^b- Suppose there exists / G ^{21, such that m(/) > mf,. Since 
rub > 4, by Lemmas 110.11 and 110.21 hif) G B, where 

5 = {(0,0), (0,2), (0,4)}. 



In Table [T075l we list the values of 7(/, b) for each such /. By Proposition [9]5l 
m{'H2b) — "^6' which contradicts our assumption and completes the proof. ■ 
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Table 10.5: Values of 7(/, b) for 6 > 5 and / G 5. 



Remark 10.4 As in the orientation-preserving case, ni(7/2 t) ~ 2-2 + b — 2 
if and only if m( Jg'J =4 + 6-2. □ 



Theorem G (1) 



1 z/6 = l, 

oo ifb = 2, 

0-''^ ~ 1 2 ^/6 = 3, 

6-2 z/6>4. 



('S'j Table \10m shows the values ofmij-l^b)- 



Proof. We split the proof into various cases. 



Case 1. g = 0,b = l. 
See Fuller's Theorem 11.21 
Case 2. g = 0,b = 2. 

View the annulus Eo,2 as §^ x [0, 1] and consider the homeomorphism {z, p) 
{Ra{z), —p), where a G M is irrational. It is clear that this homeomorphism 
reverses orientation and has no periodic points. 

Case 3. ^ = 0, 6 = 3. 

By Fuller's Theorem ll.2[ hr{T,o^3) < 2. We prove equality by means of an 
example. Consider a sphere So,3 with three holes symmetrically distributed 
on the equator, see Figure 110.21 Let r: So,3 — )■ So,3 be rotation through an 
angle of 27r/3 with respect to the axis R, and let s: Sq^s — > Sq^s be reflection 
in the plane containing the equator. Define / = s or. Clearly, / has no fixed 



Case 4. ^ = 0, 6 > 4. 

By Proposition A, /ir('Ho6) ^ b — 2. The following example shows that 
equality holds. Let /: So,{, — > So,6 be the map constructed in the proof of 
Case g = 0, b > 4 of the proof of Theorem B, and let s be reflection in the 
plane containing the equator. Then m(s o /) = 6 — 2. 

Case 5. g = I- 

By Lemma 19.121 and Proposition A, /ip(Si < b. The following example 
shows that equality holds. Consider a torus with b holes distributed as in 
Figure 110.21 Let r: Si^^ — )■ Si^;, be rotation through an angle of 27i/b with 
respect to R and let s: Si — > Si f, be a reflection in the plane P. Then 

h{s or) = b. 

Case 6. g = 2. 



points. 



See Lemma no. 31 




Figure 10.2: Examples for the proofs of Theorem G 



Chapter 11 

Proof of Theorems H and I 



In this chapter we complete the proofs of Theorems H and I. Section [11.11 is 
dedicated to the former, and Section 111.21 to the latter. 

11.1 Proof of Theorem H 

This section is practically entirely devoted to proving the following theorem, 
which will be used to deduce the difficult inequality of Theorem H. 

Theorem 11.1 Let g > 2 and let /: — y be an orientation preserving 
homeomorphism. Then there exists a positive integer m such that m < Ag + 2 
and has a non-empty fixed-point class of non-positive index. 

The strategy of the proof of Theorem 111.11 consists in studying fixed- 
point classes of non-positive index of iterates of maps in standard form. The 
finite-order case is trivial, so we shall concentrate on the pseudo-Anosov and 
reducible cases, in Propositions 111.21 111.31 and 111.41 

Proposition 11.2 Let g > 2 and let f: — y Hg be an orientation-preserving 
pseudo-Anosov homeomorphism in standard form. Then there exists a pos- 
itive integer m such that m < 4g and f^ has a fixed-point class of negative 
index. 

Proof. Let 

{xi,X2, . . . C 



129 



be such that the set of singularities of the fohation on Eg is the disjoint union 
of the /-orbits of the x^'s. For each i G {1,2,..., k}, let rii and pi be the 
period of Xi, and the number of prongs emanating from Xi, respectively. The 
Euler-Poincare Formula |3.2p may be written in the form, 

k 

(11.1) ^ni(p,-2) = 4((7-l). 

i=l 

By Lemma [8.21 and Lemma [8.4( 1) we can assume that k G {1,2}. If /c = 2, 
without loss of generality, we can assume that rii < n2 and, by Lemma [8^ 2). 
we can assume that p2 = 3. 

We now prove that for some positive integer m such that m < 4g, one of 
the parts of Lemma 18.31 applies. 

Notice that if there exists a regular point of period n and n < 2g then 
Lemma [8.3( 6) applies for m = 2n. Hence, we may assume that there are no 
regular points of period less than or equal to 2g. In particular, 

(11.2) per(/)n{i.2.....29}c{|;;;|„^j ^Izl 

For every positive integer h, xi is a fixed point of /"i'^. If Indjni/i(xi) ^ 1 
then Lemma [8.3( 1) applies. Thus, we can assume that Indjni/i(xi) = 1 for 
every positive integer h such that riih < g. Now, we split the proof into four 
cases. 

Case 1. ni G {1,2}. 

By fll.ip . riipi < 4(5f — l)+2ni < Ag. So, Lemma [873l (4) applies for m = nip\. 
Case 2. k = 2 and ni,n2 < + 1. 
By {in]), 

nipi + n2P2 < 4(5- - 1) + 2{ni + ris) < 4(^1 - 1) + 4^1 + 4 = 8g. 

Hence, riiPi < ig for some i G {1, 2}. So, Lemma [8751 4) applies for m = riiPi 
for some i G {1,2}, as desired. 

Case 3. ni > g + 1. 



By ([TT^ . since g + l<2g, m(/) > g + 1. By Theorem [221 



m = L{f) 



Hn = 0. 



By Lemmas I7.2l and [7.2l the characteristic polynomial of /^.i is (x— 

1). Thus, the {4g — 4)-th power of each eigenvalue is 1. By Lemma 17.5^ 

Lemma 18.3( 2) applies with m = Ag — 4. 

Case 4. 3 < rii < g and, if k = 2, n2 > g + I. 

Since 3 < ni < c/ < 2^, by (fTT^ . Per(/) n {1, 2, . . . , ^} = {^i}. Moreover, 
the orbit of Xi is the only periodic orbit whose /-period is smaller than 
g. Then the hypotheses of Proposition 17.31 hold with n = ni. If for some 
m G {1, 2, . . . , 3(7 — 3}, L^f^) < then Lemma 18.3( 2) applies, as desired. 
Otherwise, there exists a periodic point y of period / where g + 2 < I < 
4((yf — l)/3. Since 4:{g — l)/3 < 2g, y is not a regular point. Therefore, 
k = 2, y is in the orbit of X2 and / = n2. Recall that p2 = 3. Then 
P2^2 = 3/ < 4:{g — 1). Thus, Lemma 18^3^ 4) applies with m = n2P2, and the 
proof is complete. ■ 

Proposition 11.3 Let /: — y Hg be an orientation-preserving reducible 
homeomorphism in standard form which has a pseudo-Anosov component. 
Then there exists a positive integer m such that m < Ag — A and has a 
fixed-point class of negative index. 

Proof. Let C be a pseudo-Anosov /-component. Denote by ni, gi, and hi 
the period, genus, and number of boundary components of C, respectively. 
Let i? C C be a p-pronged boundary component of C. Let r be the least 
positive integer such that f'^^^{B) = B. 

By Remark 13. 2[ 'Y^{2 — Ps) = —pr, where the sum is taken over all the 
prongs emanating from singularities s lying in U[^]^/"^*(-B). Thus, since ps > 



where the sum is taken over all singularities s lying in C. By the Euler- 
Poincare Formula (|3.2I) applied to f"''^\c- C — > C, 



3, 



(11.3) 




J2iPs - 2) = -2x{C) = 2(2(71 + 6i - 2), 



where the sum is taken over all the singularities s of the foliation of C. Thus, 
by Lemma [82^1) and ([TL3|) . 

prrii < 2ni{2gi + 61 - 2) < 2{2g - 2) = Ag - A. 

Now, Lemma [8.5( 1) applies and we are done. ■ 

Proposition 11.4 Let g > 2 and let f: — > be an orientation preserv- 
ing reducible homeomorphism which satisfies the following conditions. 

(1) Lif)^2 orL{p)^0. 

(2) Each of its components is finite- order. 

(3) f is not finite- order. 

Then there exist an f -component C and a positive integer n such that n < 4g, 
ric = Id|c. 

Proof With Notation [H31 for each z e {1, 2, . . . , A;}, /"''^' |c, = Idc,. Hence, 
it suffices to show that rijCTj < ig for some i G {1,2, ... ,k}. We may assume 
that gi < g2 ■ ■ ■ ^ Qk- Let us spht the proof into various cases. 

Case 1. k > 2, gi = g2 = 0. 

By Lemma [8.4( 1). ni{bi — 2) + 71-2(62 — 2) < 2g — 2. Changing subindices if 
necessary, by Lemma [8.4( 4). we can assume that ni < ni{bi — 2) < g — 1. 
By Lemma [8.12( 1). it suffices to prove the result for ai = 3. Now, aiUi = 
3ni < 3g — 3, as required. 

Case 2. k > 2, gi > 1, g2 > 1. 



By Lemma [8.2[ riigi + r;,25'2 < 9- Changing subindices if necessary, we can 
assume that, riigi < g/2. If gi = 1, by Lemma [8.12( 2) we can assume that 
o"! < 6. If gi > 2, by Corollary 18. 6[ o"i < Agi + 2. Since rii < g/2, 

nidi < ni(4^i + 2) <2g + g <4:g, 

and the desired conclusion holds. 



Case 3. k>2,gi = 0, g2 > 1. 



By Lemma [8.12( 1). it suffices to prove the result for bi = 0"! = 3. Now, 
if 3ni < Ag the result holds. Otherwise, ni > By Lemma [8^ 1). rii + 
^2(2^2 + 62 - 2) < 2^ - 2. Then 

^2(2(?2 - 1) < ^2(2(72 + 62 - 2) < 2(7 - 2 - ^ < ^. 

If g2 = 1, by Lemma [8.12( 2). we can assume that ai < 6. Hence, by Corol- 
lary [8]6l (72 < 4(72 + 2, so 

712 < naCTa < 2^2(2^2 + 1) = 2^2(2^2 - 1) + 4^2 < y + y = 4^, 
which completes the proof of this case. 
Case 4. k = 1, gi = 0. 

By Lemma [8.12( 1). we can assume that 61 = (Xi = 3. By Corollary 18. 8[ the 
three boundary components of Ci form a cycle under the action of /"^. By 
Lemma 18.51 rii = 2, and g = 2gi + 61 — 1 = 2. So airii = 6 < 8 = 4(7, and 
the desired conclusion holds. 

Case 5. = 1, ^1 > 1, h > 2. 

By Lemma [8.12( 2) and (3), we can assume that bi = 2. By Corollary 18.61 
and Lemma [HHIKl), ai G {Agi + 1,4^(1 + 2}. If ui = 1, by Lemma [831(1), 
2^1 = ni(2c/i + 61 - 2) = 2c/ - 2. Here, 

niai < 4^1 + 2 = 4^ - 2, 

as desired. If rii > 2, by Lemma [8.10( 1). both boundary components are 
interchanged under the action of /"~^. Then Lemma [8.51 gives ni = 2 and 
g = 2gi + 61 — 1 = 2(7i + 1. Hence, 

riia^ < 2(4(71 + 2) = Ag. 

and we are done. 



Case 6. k = 1, gi > 1, bi = 1. 



If Til = 1, then by Lemma [8.4( 1). 2gi — 1 = 2g — 2, which is impossible. 
Then we can assume that rii > 2. By Lemma [8.11( 1) and Corollary 18.61 we 
can assume that cxi G {4(yfi + l,4(yfi + 2}. By Lemma [8.51 rii = 2. 

Let A be the closed annulus connecting Ci and /(Ci). Since f\A is an 
orientation-preserving map which interchanges the boundary components of 
A, the description of standard form (page [33]) shows that there exists a G Q 
such that f\A is conjugate to the map ip- x [0, 1] — > x [0, 1] defined by 

{z,t) ^ (ze"(^-2*)"\l-t). 

Clearly, x {i} is -j/^-invariant . Moreover, since V'lgixji} ^'^^^ the map z h- )■ 
z, tTace{ip*i) = —1. Therefore trace((/|A)*i) = —1, so, by (|2.2p . /^(/U) = 2. 
Observe that J^g = CiU f{Ci)UA and, since Cin/(Ci) = and p{Ci) = Ci, 
/|ciu/(Ci) does not have fixed points. Hence, there exist two open subsets of 
Eg, U and V such that Fix(/) cU C Int(A), UUV = Eg and 1/nf/nFix(/) = 
0. Applying Theorem 12 . 71 twice we obtain 

L{f) = l{f\u) + l{f\v) = L{f\A) = 2. 

Now, observe that P\a is conjugate to the map 0: S"*^ x [0, 1] — > §^ x [0, 1] 
defined by 

{z,t) ^ (ze"('*-2)"\t). 

Also, by Lemma 18.10( 1). P\ci has no fixed points. (Observe that the re- 
striction of to the boundary component of Ci is a rotation of order 
c"i > 4(yfi > 4). Similarly, P\f{Ci) has no fixed points. 

By arguments analogous to those used in the preceding paragraph, we 
can prove that L{p) = 0. Since this contradicts the hypotheses of the 
proposition, the proof of this case is complete. ■ 

Remark 11.5 Although in the preceding proof we use the fact that the map 
on the annulus A is the restriction of a reducible map in standard form, it is 
a simple matter to check that any orientation-preserving map of an annulus 
which leaves invariant each boundary component (resp. interchanges both 
boundary components) has Lefschetz number equal to 2 (resp. 0). □ 

Proof of Theorem \ll.l\ Assume first that L{f) = 2 and L{f'^) = 0. In this 
case, by Theorem [221 Fix(/) 0. Since Fix(/) C Fix(/2), Fix(/2) 0. 
Thus, if does not have a fixed-point class of index 0, by Lemma 12.71 



has a fixed-point class of negative index. Since 2 < Ag + 2, the result holds 
for this case. Now, assume that L{f) 7^ 2 or L{p) 7^ and let us prove that 

has a fixed-point class of negative index for some positive integer m such 
that m < 4g + 2. By Lemma [4.11 and Theorem 12.81 we can also assume that 
/ is in standard form. 

We know that there are three possibilities for /, namely, it can be of finite- 
order, pseudo-Anosov or reducible. If / is finite-order, then there exists a 
positive integer n such that = Id. By Theorem 13. 11 we can take n < 4:g+2. 
So, !/(/"■) = L{ld) = 2- trace(Id) = 2 - 2^1 < 0. Hence, the fixed-point class 
is all of Eg and its index is L{f'^). 

The remaining cases follow from Propositions 111.21 111.31 and lll.4[ ■ 



Theorem H If g > 2 then m('H^^) < 4(7 + 2. Moreover, if b > 6g + 6, then 
equality holds. 

Proof Let g > 2. Observe that, by Corollary [9i5], m(7{+J > 4^1 + 2 if 
b > Qg + 6. To complete the proof the theorem, it suffices to show that 
m{nl,)<Ag + 2. 

Let / G H^fe and consider the induced map /: Eg — > S^. Let m be as in 
Theorem 111.11 for /. Since m < Ag + 2, it is enough to prove that m(/) < m. 
Consider a fixed-point class C C of /™ of non-positive index. If C is finite, 
by Lemma 12. 6[ the index of C with respect to /™ is the sum of the indices 
of each of its elements with respect to Z™. Since this sum is non-positive, 
at least one of its terms must be non-positive. Thus /™ has a fixed point of 
non-positive index. By Proposition 17. 2^ f"^ has a fixed point, so m(/) < m 

If C is infinite, it contains points which are not collapsed boundary com- 
ponents of Sg^fe. Since the existence of these fixed points of f"^ imphes the 
existence of fixed points of the proof of Theorem H is complete. ■ 

Remark 11.6 Observe that if / G is such that m(/) > 4g then / is 
isotopic to a finite-order map. □ 

Conjeture 11.7 If g > 2, there exists / G T-L^h such that / is isotopic to a 
finite-order map and m(/) = m(7{^fe). 

This holds if 6 > 6(7 + 6 or if = 2. □ 



11.2 Proof of Theorem I 



As in the previous section, our main objective is to prove the following. 

Theorem 11.1 Let g > 2 and let f G 'H^ ■ Then there exists a positive 
integer m such that m < Ag + (—1)^4 and /™ has a fixed-point class of 
negative index. 

To prove Theorem 111.11 we will use the following results which study the 
pseudo-Anosov case, and the reducible case both with and without pseudo- 
Anosov components. 

Proposition 11.2 Let g > 2 be odd. If f: T,g — ¥ Eg is an orientation- 
reversing pseudo-Anosov map in standard form then there exists a positive 
integer m such that m < Ag — 4 and has a fixed-point class of negative 
index. 

Proof. As in the proof of Proposition 111.21 we will show that one of the 
statements of Lemma [8.31 applies for some m such that 1 < m < Ag — 4. 

We can repeat the first part of the proof of Proposition 111.21 Combining 
the results obtained there with Lemma IHTST l). (5) and (6) we can assume 

(i) A;G{1,2}. 

(ii) If = 2, then ni < n2 and p2 = 3. 

(iii) Indjnih(xi) = 1 for every h such that nih < g and nih is even. 

(iv) There are no regular points of period less than or equal to 2g — 2. 

(v) If for some i G {1, 2}, rii <2g — 2 then is even. 

Now we split the proof into four cases in order to see that in each of them, 
one of the statements of Lemma 18.31 applies. 

Case 1. k = 2, and ni,n2 < g — I. 

Here 

nipi + n2P2 < 4:{g - 1) + 2(ni + na) < 4(^ - 1) + 4^ - 4 = 8^ - 8. 

Therefore, we may assume nipi < Ag — A. By (v). Lemma [8^31 (4) applies with 
m = nipi. 

Case 2. ni > g. 



By (iv) and Theorem \'2.'2\ 



m = L{f) 



Hn = 0. 



By Lemmas [73] and O, P{x) = [x^ - \){x^3-'^ + 1), so the {^g - 4)-th 
power of the eigenvalues is 1. By Lemma [731 < 0, so Lemma [83^ 2) 

apphes. 

Case 3. n\ = 2, and n2 > g ii k = 2. 
By Theorem 12.21 Theorem 12.71 and (iv) , 



By |2.3p . Pi = foT 1 < i < g . Now, Newton's equations (page [22]) show that 
P{x) = x^^ — 1, so the (25f)-th power of each eigenvalue is 1. By Lemma [73] 
L{p3) < 0, so Lemma [8]3]^2) applies with m = 2g < Ag - A. 

Case 4. 3 < ni < — 1 and n2 > g ii k = 2. 

By (v), rii is even and by (iv), there are no periodic regular points of pe- 
riod less than or equal to g because g < 2g — 2. Thus by (iii). Proposition !?.?! 
applies. Now, we can complete the proof of the proposition in this case as in 
Case 4 of the proof of Proposition !11.2! ■ 

Proposition 11.3 Let g > 2 be even. If /: — y is an orientation- 
reversing pseudo-Anosov map in standard form, then there exists a positive 
integer m such that m < Ag + A and /"^ has a fixed-point class of negative 
index. 

Proof. As in the proof of Proposition !11.2l we will show that one of the 
statements of Lemma !8.3! applies for some positive integer m such that m < 
Ag + A. 

We can repeat the first part of the proof of Proposition !11.2! Combining 
the results obtained there with Lemma [8.3( 5) and (6) we obtain 



if z is odd, 
2 otherwise. 



(i) fee {1,2}. 

(ii) If k = 2, then ui < n2. 

(iii) lndfnih{xi) = 1 for every h such that Uih < g. 



(iv) There are no regular points of period less than or equal to 2(7 + 2. 

(v) If for some i G {1, 2}, rii <2g + 2 then Ui is even. 
We split the proof into four cases. 

Case 1. ni e {2,4}. 

Here riipi < 4g — 4 + 2ni < Ag — 4 + 8 = Ag + 4. Then Lemma 18.3( 4) applies. 

Case 2. k = 2, and ni,n2 < g + 2. 

Here 

nm + n2P2 < 4(c/ - 1) + 2(rii + ns) < 4{g ~ 1) + 4g + 8 = 8g + 4. 

We can assume riipi < 4g + 2. Since + 2 < 2(7 + 2, by (v), ni is even. Then 
Lemma [8.3( 4) applies. 

Case 3. rii > g + 1. 

Since g < 2g + 2, hj (iv) and Theorem 12.21 

L{f) = L{f) = ... = Lin = 0. 

Now, by Lemmas 17.51 and 17.21 P{x) = (x^ — l)(a;^^~^ — 1). Therefore, the 
(2(7 — 2)-th power of each eigenvalue is equal to 1. By Lemma [73} L(/^^~^) < 
0, so Lemma [831^ 2) applies. 

Case 4. 5 < ni < g, and n2 > g + 2, ii k = 2. 

By (v), rii is even. By (iv) there are no periodic regular points of period less 
than or equal to g + 2, because g + 2 < 2g + 2. By (iii), the hypotheses of 
Proposition 17.61 hold. Therefore there exists a positive integer m such that 
m < 2g — 6 and L{f"^) < 0. Since 2g — 6 < 4g — 4, Lemma [8.3( 2) applies in 
this case. ■ 

Proposition 11.4 Let f: Tig — y Hg be an orientation-reversing reducible map 
in standard form which has a pseudo-Anosov component. Then there exists 
a positive integer m such that m < 4g — 4 and /™ has a fixed-point class of 
negative index. 



Proof. We shall prove that one of the statements of Lemma 18.51 applies for 
some positive integer m < Ag — 4. 

Let C C Eg be a pseudo-Anosov /-component of period rii, genus gi, and 
bi boundary components. Let B he a boundary component of C. We can 
repeat the first part of the proof of Proposition 111.31 to prove 

(11.4) p^mr^ <4:g-4:, 

where is the least positive integer such that f^^'^B(^B) = B, and is 
the number of prongs emanating from B. If riir^ is even, then, by f lll.4p . 
Lemma [8.5( 1) applies. Hence we can assume that 

(i) For each boundary component B of C , nir^ is odd. 

If > 2 for some boundary component B of C then by |11.4I) . 2nir^ < 
PgHiTg < 4(7 — 4. Hence, Lemma [8.5( 2) applies, so we can assume that 

(ii) For every boundary component B of C, Pg = 1. 

Clearly, < bi. Suppose now that gi > 1. Then by Lemma [8.4( 1). 

2rgni < 2bini < 2ni{2gi + 6i - 2) < 4^ - 4. 

Now, by (i). Lemma 18.5( 3) applies. On the other hand, if gi = 0, by 
Lemma [HIl bi > 4. Hence, by Lemma [831(1), 2ni < ni(6i - 2) < 2g - 2. 
Thus we can assume 

(iii) gi=Q,2ni<ni{bi-2) <2g-2. 

Now, observe that by (ii) and Remark 13.21 X]sesing(_B)(2 ^ Vs) = —1 for 
each boundary component B of C. Thus X]seSing(ac)(2 ^ Ps) = —bi- By the 
Euler-Poincare Formula |3.2I) for /"^ | c 

J2 {2-Ps)-bi= J2 (2-P^)+ J2 (2 -!>.) = 2(2 -6i). 

seSing(Int C) seSing(Int C) sgSing(9C) 

So 

(iv) EsgSing(Int C) (Ps - 2) = 61 - 4. 

By (iii), f'^^^\ci induces an orientation-preserving map of the sphere Sq. 
By Brouwer's theorem (or by Theorem 12. 2[ since ifi(Eo) so L(/^"i) = 2), 



this map has a fixed point x. If x is a collapsed boundary component B, 
then p^^{B) = B. Then Lemma [8.5( 1) applies for m = 4ni, and, by (iii), 
4ni < Ag — A. Thus, we can assume that x is not a collapsed boundary 
component. In this case, /^"^ \c has a fixed point y G Int(C). If ?/ is a regular 
point. Lemma [8.5( 1) applies with m = 4ni. As before, by (iii), we see that 
m < Ag — A. Hence, we can assume that ?/ is a singularity. Denote by pi the 
number of prongs emanating from y. By (iv), 

2(pi-2)< (Ps-2) = 6i-4. 

sGSing(Int C) 

So, 2pi < 61. Thus, 2pini < hiUi = ni(6i-2) + 2ni < 4^-4. Since /^"H?/) = 
y, Lemma [8.5( 4) applies and the proof of the proposition is complete. ■ 

The following proposition is the analogue of Proposition 111.41 for the 
orientation-reversing case. 

Proposition 11.5 Let g >2 and let f G "Hg be a reducible homeomorphism 
in standard form such that each of its components is finite-order. Then there 
exist an f -component C and a positive integer m such that m < Ag + (—1)^4 
and f^\c = Idc. 

Proof. With Notation 18. 3[ as in the proof of Proposition lll.4[ it suffices to 
show that there exists i G {1, 2, . . . , fc} such that njCXi < 4(7 + (—1)^4. We 
split the proof into various cases. 

Case 1. A; > 3. 

By Lemma 18.4( 1). X]i=i(2fl'j + h — 2)nj = 2g — 2. Changing subindices if 
necessary, by Lemma [8.4( 2). we can assume 

(11.5) n,<n,{2g, + b,-2) < ^(^7-1)- 

Now we split the proof of this case into two subcases. 



Subcase 1.1. gi G {0, 1} 



We claim that the result holds if Ui < 2bi. Indeed, by (|11.5p 

mai < 2hini = 2((2(7i + 6i-2K + 2ni) < 2{'^{g - 1) + ^{g - 1)) = 4{g ~ 1) . 

Hence, we can assume that cti > 2bi. Now, consider f"'^\ci- By Lemmas \8.8\ 
18.141 and I8.15[ /"^ must be orientation preserving and gi = 1. So ni is even. 
By Lemma o"i < 6. Hence, by (|11.5p 

aiUi < 6ni < Ag — 4, 

which completes the proof of this subcase. 

Subcase 1.2. gi>2 

Since 6i > 1, 

3^1 < (2(71 - l)n, < (2(71 + 6i - 2)n, < '^{g - 1). 

Thus, by Corollary 18.61 cxi < 4gi + 4 and, since &i > 1, by fll.Sp 

niai < ni(4(7i+4) = 2(ni(2(7i - 1) +3ni) < 2{'^{g-l) + '^{g-l)) < A{g-1), 

as desired. 

Case 2. k = 2. 

We consider three subcases. 

Subcase 2.1. (71,(72 > 1- 

Since, by Lemma 1121 riigi +n2(72 < (7, we can assume without loss of gener- 
ality that nigi < g/2. 

If (71 = 1 then by Lemmas 18.17( 3) and I8.12T 2). the result holds if ni is 
odd or (Ti > 7. Now, suppose that rii is even and o"i < 6. In particular, 
2 < niai < g/2. Then (7 > 4 and 

ni(Ti < 6ni < 3(7 < 4(7 — 4, 

as desired. If gi > 2, then 2 < 721(71 < g/2. Hence, (7 > 4, and by Corol- 
lary 18. 6[ 

riiCTi < ni{Agi + A) < 2g + g < Ag - A, 
and the proof of this subcase is complete. 



Subcase 2.2. gi = g2 = 0. 



By Lemma EKl), 

(11.6) ni{bi-2)+n2{b2-2) = 2g-2. 

If 111 and n2 are even, then, by (jll.6p . ni{bi — 2) < g — 1 for some « G {1, 2} 
and the result follows from Lemma [8.12( 1). 

If 111 and n2 are odd, by Lemma 18.17( 2). we can assume that, for each 
i e {1, 2}, hi = (jj/2 and hi is odd. By Lemma [8.14[ the boundary components 
if Cj form a cycle under the action of Therefore, they remain fixed under 
the action of f^^''\ Hence, the /-period of each connected component of A^(r) 
is odd. By Lemma 18. 18^ / is finite-order. Then we take the whole as Ci 
and the result holds by Theorem 13.11 

To complete the proof, changing subindices if necessary, we can assume 
that rii is odd and n2 is even. Then, by (11.61) . bi must be even and the result 
follows from Lemma [8.17( 2). 

Subcase 2.3. gi = 0, g2 > 1. 

By Lemma [8. 17( 2) and (4), we can assume that n2{2g2 + &2 — 2) is even. 
Then, ni{bi — 2) is even. If ni is odd, the result hold by Lemma [8.17( 2). If 
Ui is even, by Lemma [8. 12( 1). we can assume that 6i = 3 and rii > |((yf — 1). 
By Lemma [H3K1), 

n2{2g2 + 62 - 2) = 2(7 - 2 - m{bi - 2) < '^{g - 1). 

and we can complete the proof as we did in Case 1. 
Case 3. k = 1, gi = 0. 

If ni = 1 the desired conclusion follows from Corollary 18.61 Therefore, we 
can assume that ni > 1. By Lemma [8.4( 1). ni(6i — 2) = 2g — 2. 

Assume that ni is even. By Lemma r8.12( l). we can assume that cxi = 61 = 
3 and the three boundary components of Ci form a cycle under the action of 
/"^ Then we can apply Lemma [875] to obtain ni = 2 and g = 2gi + bi — l = 2. 
Hence, aiUi = Q < 8 = Ag + (-l)M. 

If 111 is odd, since (61 — 2)ni = 2g — 2, bi is even and the result follows 
from Lemma [8.17( 2). 



Case 4. k = 1, gi> 1. 

Again we consider three subcases. 
Subcase 4.1. bi = 1. 

By Lemma I8.5[ ni = 2 and g = 2gi + bi — 1 = 2gi. In particular, g and rii 
are even. Then, by Corollary 18.61 cti^^i ^ (4(71 + 2)?2i = 4(7 + (—1)^4. 

Subcase 4.2. 6i = 2. 

If the boundary components of Ci form a cycle under the action of /"^ then, 
by Lemma 18. 5[ ni = 2, so Ci and f{Ci) are connected by two annuli Ai 
and A2. Since f{A{) = A^ or A2, /^(Ai) = and p^A^) = A2. Then the 
two boundary components of Ci cannot form a cycle form a cycle under the 
action of which contradicts our assumption. Therefore, both boundary 
components of Ci are mapped to themselves under the action of /"^ By 
Lemma [8.11( 3). we can assume that cxi > 3. By Lemma [8.10( 2). /"^|ci must 
be orientation preserving, so rti is even and, by Lemma 18.10( 1). (Xi < Agi. 
Then riiCTi < 4(7ini = Ag — A. 

Subcase 4.3. 61 = 3. 

If (7i = 1 the result follows from Lemma 18.12( 2). Now, let gi > 2. By 
Lemma 18.4( 1). 

ni(2(7i + 1) = ni{2gi + bi-2) = 2g-2. 

This implies that ni is even, and Lemma [8. 12( 1) and (2) completes the proof. 

■ 

Proof of Theorem \ll.l[ By Lemma W7L\ and Theorem 12.81 we can assume that 
/ is in standard form. 

We know that there are three possibilities for /, namely, it can be of finite- 
order, pseudo-Anosov or reducible. If / is finite-order, then there exists a 
positive integer n such that /" = Id. By Theorem 13. H we can take n < 
4^ + (-l)M, so by O, L(/") = L(Id) = 2-trace(Id) = 2-2^ < 0. In this 
case, the fixed-point class is all of and its index is L{f^). 

The remaining cases are consequences of Propositions 111.21 111.31 111.41 
and 111.51 ■ 



Theorem I Let g > 2. Then Tsi(j-ig^ < % + (—1)^4 and equality holds if 
6 > 6^ + 2 + (-1)^8. 

Proof. By Proposition 19. 13[ m('H^ft) > 4(^ + 4 if 6 > 6(7 + 10 and g is even. By 
Corollary 19. m Ynij-i^^ > 4(yf— 4 and h > Qg—Qii g is odd. Hence, to complete 
the proof of the theorem, it suffices to show that m('H^fe) < 4(7+(— 1)^4. Now, 
we can complete the proof as we did for Theorem H. 
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